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Abstract
We give a new construction of compact Riemannian 7-manifolds with
holonomy G2. Let M be a torsion-free G2-manifold (which can have
holonomy a proper subgroup of G2) such that M admits an involution ι
preserving the G2-structure. Then M/〈ι〉 is a G2-orbifold, with singular
set L an associative submanifold of M , where the singularities are locally
of the form R3 × (R4/{±1}). We resolve this orbifold by gluing in a
family of Eguchi–Hanson spaces, parametrized by a nonvanishing closed
and coclosed 1-form λ on L.
Much of the analytic difficulty lies in constructing appropriate closed
G2-structures with sufficiently small torsion to be able to apply the gen-
eral existence theorem of the first author. In particular, the construction
involves solving a family of elliptic equations on the noncompact Eguchi–
Hanson space, parametrized by the singular set L. We also present two
generalizations of the main theorem, and we discuss several methods of
producing examples from this construction.
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2
1 Introduction
Compact G2 holonomy manifolds have much in common with the better un-
derstood compact Calabi–Yau manifolds. In particular, they are both Ricci-flat
compact Riemannian manifolds, and they both admit parallel spinors, making
them candidates for supersymmetric compactification spaces in physics [1]. Both
Calabi–Yau metrics, which are of holonomy SU(n), and holonomy G2 metrics on
compact manifolds, are in some sense transcendental objects, in the sense that
explicit formulas for such metrics are not expected to exist. Instead, one proves
existence of such metrics by establishing that some nonlinear elliptic partial
differential equation on the manifold has a smooth solution.
However, Calabi–Yau manifolds can be, at least partially, studied fruitfully
using methods of algebraic geometry. Such tools are not available for general
torsion-free G2-manifolds, as they are 7-dimensional objects. Moreover, there
is no analogue of a Calabi–Yau Theorem in G2 geometry. That is, we are far
from knowing useful sufficient conditions for a compact smooth oriented spin
7-manifold to admit G2 holonomy metrics. Because of this, there are far fewer
known examples of compact G2 holonomy manifolds.
The first construction of compact G2 holonomy manifolds was due to the first
author, originally presented in [18, 19] and extended in [20]. The construction
involves the resolution of orbifold singularities obtained by taking the quotient
of the flat 7-torus T 7 by a finite group action preserving the canonical flat
G2-structure. One then very carefully defines a closed G2-structure ϕ on the
resolved manifold, with sufficiently small torsion, and invokes a theorem [18,
Th. 11.6.1] of the first author (this is Theorem 2.7 below) to conclude that there
exists a torsion-free G2-structure ϕ˜ in the same cohomology class as ϕ. This
generalizes the familiar Kummer-type construction of the Calabi–Yau metric on
a K3 surface [37], and is an example of a geometric gluing construction. Several
hundred distinct topological types, distinguishable by their second and third
Betti numbers b2 and b3, were produced from this construction.
Somewhat later, a second construction of compact G2 holonomy manifolds
was given by Kovalev [27], based on an idea of Donaldson [20, Method 3, page
303]. Kovalev’s construction involves the twisted connect sum of two asymptoti-
cally cylindrical G2-manifolds built from asymptotically cylindrical Calabi–Yau
manifolds. This construction is also a geometric gluing. The main difficulty of
the construction is in finding suitable building blocks that satisfy the correct
matching conditions to be able to carry out the gluing. More recently, Corti–
Haskins–Nordstro¨m–Pacini [6, 7] generalized the Kovalev construction, produc-
ing tens of thousands of topologically distinct compact G2 holonomy manifolds.
Moreover, further work by Crowley–Goette–Nordstro¨m in [9] then resulted in
the first examples of inequivalent torsion-free G2-structures on the same under-
lying smooth manifold.
In the present paper we present a new construction of smooth compact G2
holonomy manifolds, based on an idea due to the first author [20, Method 2,
page 303]. This construction is also essentially a geometric gluing, however it
differs from the two earlier constructions in a significant way:
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• In the new construction of the present paper, there are three pieces being
glued together, as opposed to two, and two of the three pieces being glued
in do not come initially equipped with torsion-free G2-structures. This
does not happen in the earlier constructions of the first author or of Ko-
valev and Corti–Haskins–Nordstro¨m–Pacini. In those cases, the pieces be-
ing glued together came already equipped with torsion-free G2-structures,
and the main analytic difficulty was in controlling the size of the torsion
in the gluing annulus. In the present construction we need to work hard
to construct closed G2-structures with sufficiently small torsion on two of
the three pieces to be able to apply Theorem 2.7.
In fact, our construction actually produces a smooth compact torsion-free
G2-manifold N , starting from a smooth compact torsion-free G2-manifold M
which admits a G2-involution ι, defined in §2.7. In practice, the initial manifold
M would be of the form M = S1 × Y for a Calabi–Yau 3-fold Y . An anti-
holomorphic isometric involution on Y induces a G2-involution on M . This is
explained in §2.7.
Our construction can be very roughly summarized as follows. We take the
quotient M/〈ι〉 of M by the action of ι. The fixed point set L of ι is a smooth
compact 3-dimensional totally geodesic associative submanifold ofM . The space
M/〈ι〉 is a compact orbifold, with singular set L. Locally, the orbifold singular-
ities are of the form R3× (R4/{±1}). We then cut out a tubular neighbourhood
of L in M/〈ι〉, and glue in a smooth family of Eguchi–Hanson spaces, smoothly
parametrized by L, to obtain a smooth compact 7-manifold N . We show that N
admits a 1-parameter family of G2-structures (ϕ
N
t , g
N
t ) that are closed and, for
small t, have torsion small enough in a precise sense to be able to invoke The-
orem 2.7 to establish the existence of a torsion-free G2-structure on N . When
the fundamental group of N is finite, this will be a holonomy G2 metric on N .
As mentioned above, the main technical difficulties arise in constructing
closed G2-structures with sufficiently small torsion on two of the three pieces
being glued together. These three pieces are roughly described as follows:
(i) the interior of the complement of a neighbourhood of L in M/〈ι〉;
(ii) an annulus in the quotient ν/{±1} of the normal bundle ν of L in M by
the action of {±1} on fibres;
(iii) the product of L with a neighbourhood of the “bolt” S2 in the Eguchi–
Hanson space T ∗S2.
The pieces (ii) and (iii) do not come equipped with torsion-free G2-structures.
On both pieces, there is a natural way to define a G2-structure, but that is not
even closed. In both cases, one can then naturally correct these G2-structures
to closed versions. But in both cases the torsion is still too large to be able to
use these closed G2-structures to construct a G2-structure on N that satisfies
the hypotheses of Theorem 2.7. Thus, in both cases we must perform a further
correction. For (ii), this correction involves modifying both the exponential
4
map of L in M and the connection on ν, both of which are ingredients used in
constructing the initial G2-structure on (ii). For (iii), this correction involves
solving a family of elliptic equations on the noncompact Eguchi–Hanson space,
smoothly parametrized by the points in L.
A key point is that in order to perform our construction, we require the
existence of a nonvanishing harmonic 1-form λ on L. This is a very strong
assumption. (An explanation for the necessity of this assumption is given in
Remark 6.5.) In the case when M = S1 × Y , the submanifold L is the disjoint
union of two copies of a single special Lagrangian submanifold of Y . Its metric
is induced from the Calabi–Yau metric on Y , which exists but cannot be made
explicit. We discuss this point in §7, where we present several applications of the
theorem to situations that could produce new examples. Some of these examples
are obtained by using generalizations of our theorem described in §6.5–§6.6.
Here is our main result, which is Theorem 6.4 below. The various objects
and terminology used in the theorem are made precise in the paper.
Theorem 1.1. Let (M,ϕ, g) be a compact torsion-free G2-manifold, and let
ι : M → M be a nontrivial involution preserving (ϕ, g), so that the fixed locus
L of ι is a compact associative 3-fold in M, as described in §2.7 below.
Suppose L is nonempty, and suppose there exists a closed, coclosed, nonva-
nishing 1-form λ on L. That is, λ ∈ Ω1(L) with dλ = 0 and d∗λ = 0, where d∗
is defined using g|L, and λ|x 6= 0 in T ∗xL for all x ∈ L.
Then there exists a compact 7-manifold N defined as a resolution of singular-
ities π : N →M/〈ι〉 of the 7-orbifold M/〈ι〉 along its singular locus L ⊂M/〈ι〉,
by gluing in a bundle σ : P → L along L, with fibre the Eguchi–Hanson space
X described in §2.5, where P is constructed using λ. The preimage π−1(L) is a
5-submanifold Q of N, and π|Q : Q→ L is a smooth bundle with fibre S2. The
fundamental group of N satisfies π1(N)∼=π1(M/〈ι〉), and the Betti numbers are
bk(N) = bk(M/〈ι〉) + bk−2(L).
There exists a smooth family (ϕ˜Nt , g˜
N
t ) of torsion-free G2-structures on N
for t ∈ (0, ǫ], with ǫ > 0 small, such that (ϕ˜Nt , g˜Nt )→ π∗(ϕ, g) in C0 away from
Q as t → 0, and for each x ∈ L the fibre π−1(x) ∼= S2 with metric g˜Nt |π−1(x)
approximates a small round 2-sphere with area πt2
∣∣λ|x∣∣ for small t. The metrics
g˜Nt on N have holonomy G2 if and only if M/〈ι〉 has finite fundamental group.
In §6.5–§6.6 we generalize Theorem 1.1, replacing M/〈ι〉 by a more general
G2-orbifold, and twisting the 1-form λ by a principal Z2-bundle on L.
The paper is organized as follows. In §2 we discuss some background mate-
rial. The material in §3–§5 is developed to prove our main theorem. Specifically,
in §3 we study G2-structures and correction forms on the normal bundle ν of L
inM , in §4 we construct G2-structures and correction forms on the resolution P
of ν/{±1}, and in §5 we state and prove a theorem for the further correction on
piece (iii) mentioned above. We then use the material from §3–§5 to prove our
main theorem in §6. Section 7 applies our theorem to several situations where
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new examples can be obtained, including examples that would arise as conse-
quences of the SYZ conjecture. Finally, in §8 we briefly outline some directions
for future study. An appendix presents two calculations that are needed in §3.4.
Notation. All manifolds and tensors are assumed to be smooth unless explic-
itly stated otherwise. Similarly, all bundles are at least smooth fibre bundles,
although some of them will be vector bundles. The term nonvanishing means
the same thing as nowhere zero or nowhere vanishing. If E is a vector bundle
over M , then Γ∞(E) denotes the space of smooth sections of E.
We use v · β to denote the interior product of a vector v with a form β. The
symbol · is also used to denote various natural bilinear pairings throughout,
and occasionally in §6 to denote ordinary multiplication in some particularly
complicated expressions.
As is customary, we use  to denote the end of a proof. Less common, how-
ever, is our use of N to denote the end of a definition, example, or remark. We
do this because several definitions and remarks extend over many paragraphs,
and it would otherwise be unclear to the reader where they ended.
Convention. There are two sign conventions in G2 geometry. The convention
we choose to use in the present paper is the one used by Bryant [3] and the
first author [20], but differs from the convention used by Bryant–Salamon [4] or
Harvey–Lawson [17]. A detailed discussion of sign conventions and orientations
in G2 geometry can be found in [24].
Acknowledgements. The authors thank Xenia de la Ossa, Jason Lotay, and
Johannes Nordstro¨m for helpful conversations. The first author was supported
by a grant from the Simons Foundation, the ‘Simons Collaboration on Special
Holonomy in Geometry, Analysis and Physics’, 2016–2020. The second au-
thor was supported by a European Commission Marie Curie Fellowship number
MIF1-CT-2006-039113 in 2007–2008, when this project began, and is currently
supported by an NSERC Discovery Grant.
2 Background material
2.1 G2-structures on 7-manifolds
We now introduce the holonomy group G2, following [20, §10.1].
Definition 2.1. Let (x1, . . . , x7) be the standard coordinates on R
7. Define a
3-form ϕ0 on R
7 by
ϕ0 = dx1∧dx2∧dx3 − dx1∧dx4∧dx5 − dx1∧dx6∧dx7 − dx2∧dx4∧dx6
+ dx2∧dx5∧dx7 − dx3∧dx4∧dx7 − dx3∧dx5∧dx6. (2.1)
The subgroup of GL(7,R) preserving ϕ0 is the exceptional Lie group G2. It is
a compact, semisimple, 14-dimensional Lie group, a subgroup of SO(7). It also
preserves the Euclidean metric
g0 = (dx1)
2 + · · ·+ (dx7)2 (2.2)
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on R7, the orientation on R7, and the Hodge dual 4-form
∗ϕ0 = dx4∧dx5∧dx6 ∧dx7 − dx2∧dx3∧dx6 ∧dx7 − dx2∧dx3∧dx4 ∧dx5
− dx1∧dx3∧dx5 ∧dx7 + dx1∧dx3∧dx4 ∧dx6
− dx1∧dx2∧dx5 ∧dx6 − dx1∧dx2∧dx4 ∧dx7. (2.3)
A G2-structure on a 7-manifold M is a principal subbundle Q of the frame
bundle of M , with structure group G2. Each G2-structure Q gives rise to a
3-form ϕ, a metric g, a 4-form ∗ϕ, and an orientation on M , such that every
tangent space ofM admits an isomorphism with R7 identifying ϕ, g, ∗ϕ and the
orientation with ϕ0, g0, ∗ϕ0 and the standard orientation on R7 respectively.
Here ∗ϕ comes from ϕ by the Hodge star determined by g and the orientation
on M . Conversely, ϕ determines Q uniquely. By an abuse of notation, we will
refer to the pair (ϕ, g) as a G2-structure. We call the triple (M,ϕ, g) a G2-
manifold. (In contrast to [20, Ch. 10], we do not require (ϕ, g) to be torsion-free
in a G2-manifold (M,ϕ, g), in the sense below.) N
Sometimes we write g, ∗ϕ as gϕ, ∗ϕϕ to emphasize that they are determined
by ϕ. Note that gϕ, ∗ϕϕ are nonlinear functions of ϕ, since although ∗ϕ is linear,
it depends on gϕ, and so on ϕ. Here is [20, Prop.s 10.1.3 & 10.1.5]:
Theorem 2.2. Let (M,ϕ, g) be a G2-manifold. The following are equivalent:
(i) Hol(g) ⊆ G2, and ϕ is the induced 3-form,
(ii) ∇ϕ = 0 on M, where ∇ is the Levi-Civita connection of g, and
(iii) dϕ = 0 and d(∗ϕϕ) = 0 on M .
If these hold then g is Ricci-flat.
We call ∇ϕ the torsion of the G2-structure (ϕ, g). If (M,ϕ, g) is a G2-
manifold with (ϕ, g) torsion-free, we call (M,ϕ, g) a torsion-free G2-manifold.
Here is [20, Prop. 10.2.2 & Th. 10.4.4]:
Theorem 2.3. Let (M,ϕ, g) be a compact torsion-free G2-manifold. Then
Hol(g) = G2 if and only if π1(M) is finite. In this case the moduli space of
metrics with holonomy G2 on M, up to diffeomorphisms isotopic to the identity,
is a smooth manifold of dimension b3(M).
2.2 Exterior forms on G2-manifolds
Exterior forms on a G2-manifold have a natural decomposition:
Proposition 2.4. Let (M,ϕ, g) be a G2-manifold. Then Λ
kT ∗M has a natural
orthogonal splitting into components as follows, where Λkl is a vector subbundle
of rank l corresponding to an irreducible representation of G2:
(i) Λ1T ∗M = Λ17, (ii) Λ
2T ∗M = Λ27 ⊕ Λ214,
(iii) Λ3T ∗M = Λ31 ⊕ Λ37 ⊕ Λ327, (iv) Λ4T ∗M = Λ41 ⊕ Λ47 ⊕ Λ427,
(v) Λ5T ∗M = Λ57 ⊕ Λ514, (vi) Λ6T ∗M = Λ67.
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The Hodge star ∗ of g gives an isometry between Λkl and Λ7−kl . Here
Λ214 = Ker
(
(∗ϕ ∧ ·) : Λ2T ∗M → Λ6T ∗M), Λ31 = 〈ϕ〉, Λ41 = 〈∗ϕ〉,
Λ47 = Im
(
(ϕ ∧ ·) : T ∗M → Λ4T ∗M), Λ57 = Im((∗ϕ ∧ ·) : T ∗M → Λ5T ∗M).
Write Ωk = Γ∞(ΛkT ∗M) and Ωkl = Γ
∞(Λkl ) for the vector spaces of smooth
sections, so that we have splittings Ω2 = Ω27 ⊕ Ω214, Ω3 = Ω31 ⊕ Ω37 ⊕ Ω327, and
so on. Write πl : Ω
k → Ωkl for the projections to the factors in these splittings.
So, for instance, if ξ ∈ Ω2 is a 2-form on M then ξ = π7(ξ) + π14(ξ).
These splittings are crucial in understanding the linearization of the map Θ
that takes a G2-structure ϕ to the dual 4-form ∗ϕϕ, which we now discuss.
Definition 2.5. Let M be a 7-manifold. We call a 3-form ϕ on M a positive
3-form if for every p ∈ M , there exists an isomorphism between TpM and R7
that identifies ϕ|p and the 3-form ϕ0 of (2.1). Each positive 3-form ϕ determines
a unique G2-structure (ϕ, g) on M . Similarly, call a 4-form ψ on M a positive
4-form if for every p ∈ M , there exists an isomorphism between TpM and R7
that identifies ψ|p and the 4-form ∗ϕ0 of (2.3).
Write points of ΛkT ∗M as (x, α) for x ∈M and α ∈ ΛkT ∗xM . Write Λ3+T ∗M
and Λ4+T
∗M for the subsets of (x, α) in Λ3T ∗M , Λ4T ∗M with α positive (that
is, α is identified with ϕ0, ∗ϕ0 in (2.1), (2.3) by some isomorphism TxM ∼= R7).
Then Λ3+T
∗M →M , Λ4+T ∗M →M are fibre bundles (but not vector bundles),
whose sections are positive 3- and 4-forms.
As the stabilizer group of ϕ0 in GL(7,R) is G2, we see that Λ
3
+T
∗M → M
is a bundle with fibre GL(7,R)/G2, which has dimension 49 − 14 = 35. Since
Λ3T ∗M has rank
(
7
3
)
= 35, we see that Λ3+T
∗M is an open submanifold in
Λ3T ∗M (note that it is not a vector subbundle). The stabilizer group of ∗ϕ0 in
GL(7,R) is G2×{±1}, so again Λ4+T ∗M is open in Λ4T ∗M .
Define Θ : Γ∞(Λ3+T
∗M)→ Γ∞(Λ4+T ∗M) by Θ(ϕ) = ∗ϕϕ, where ∗ϕϕ is the
Hodge dual form defined using the metric gϕ and orientation induced by the
G2-structure (ϕ, gϕ) associated to ϕ. Then Θ is a smooth, nonlinear map. N
Here is [20, Prop. 10.3.5], slightly rewritten.
Proposition 2.6. There exist universal constants ǫ, C > 0 such that the fol-
lowing holds. Let (M,ϕ, g) be a G2-manifold, and ξ be a 3-form on M with
‖ξ‖C0 6 ǫ. Then ϕ+ ξ is a positive 3-form, and
Θ(ϕ+ ξ) = ∗ϕϕ+ ∗ϕ
(
4
3π1(ξ) + π7(ξ)− π27(ξ)
)
+ Fϕ(ξ), (2.4)
where the nonlinear function Fϕ :
{
ξ ∈ Ω3 : ‖ξ‖C0 6 ǫ
}→ Ω4 satisfies
Fϕ(0) = 0,
∣∣Fϕ(ξ)∣∣ 6 C|ξ|2, ∣∣∇Fϕ(ξ)∣∣ 6 C(|ξ|2|∇ϕ| + |ξ||∇ξ|). (2.5)
Here all norms and the covariant derivatives are taken with respect to g.
Equation (2.4) computes the derivative DϕΘ : Ω
3 → Ω4 of Θ at ϕ: we have
DϕΘ = ∗ϕ ◦
(
4
3π1 + π7 − π27
)
. (2.6)
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2.3 An existence theorem for torsion-free G2-manifolds
An important technical tool that we will require is the following theorem of the
first author, which says that if one can find a G2-structure (ϕ, g) with dϕ = 0
on a compact 7-manifold M , whose torsion is sufficiently small in a certain
sense, then there exists a torsion-free G2-structure (ϕ˜, g˜) onM which is close to
(ϕ, g), and in the same de Rham cohomology class. It was first used in [18, 19]
to construct the first compact examples of manifolds with G2-holonomy.
Theorem 2.7 (Joyce [20, Th. 11.6.1]). Let α,K1,K2, and K3 be any positive
constants. Then there exist ǫ ∈ (0, 1] and K4 > 0, such that whenever 0 < t 6 ǫ,
the following holds.
Let M be a compact 7-manifold, with a G2-structure (ϕ, g) satisfying dϕ = 0.
Suppose there is a closed 4-form ψ on M such that:
(i)
∥∥Θ(ϕ)− ψ∥∥C0 6 K1 tα, ∥∥Θ(ϕ)− ψ∥∥L2 6 K1 t 72+α, and∥∥d(Θ(ϕ) − ψ)∥∥L14 6 K1 t− 12+α.
(ii) the injectivity radius inj of g satisfies inj > K2 t.
(iii) the Riemann curvature tensor Rm of g satisfies ‖Rm‖C0 6 K3 t−2.
Then there exists a smooth, torsion-free G2-structure (ϕ˜, g˜) on M such that
‖ϕ˜ − ϕ‖C0 6 K4 tα and [ϕ˜] = [ϕ] in H3(M,R). Here all norms are computed
using the original metric g.
Remark 2.8. We have rewritten the theorem slightly: [20, Th. 11.6.1] is ex-
pressed in terms of the 3-form χ = ϕ − ∗gψ rather than the 4-form Θ(ϕ) − ψ,
and also [20, Th. 11.6.1] fixes α = 12 , which is sufficient for the applications
in [20], but [20, bottom of p. 296] explains how to generalize to all α > 0. N
2.4 G2-manifolds and hyperKa¨hler 4-manifolds
Let us identify R7 with coordinates (x1, . . . , x7) with R
3 ⊕ H with coordinates
((x1, x2, x3), (y1, . . . , y4)), where H = R
4 is the quaternions, by
(x1, . . . , x7) ∼= ((x1, x2, x3), (y1, y2, y3, y4)) = ((x1, x2, x3), (x4, x5, x6, x7)).
Then in equations (2.1)–(2.3) we have
ϕ0 = dx1 ∧ dx2 ∧ dx3 − dx1 ∧ ωI0 − dx2 ∧ ωJ0 − dx3 ∧ ωK0 ,
g0 = (dx1)
2 + (dx2)
2 + (dx3)
2 + h0,
∗ϕ0 = volH−dx2 ∧ dx3 ∧ ωI0 − dx3 ∧ dx1 ∧ ωJ0 − dx1 ∧ dx2 ∧ ωK0 ,
(2.7)
where
ωI0 = dy1 ∧ dy2 + dy3 ∧ dy4, ωJ0 = dy1 ∧ dy3 + dy4 ∧ dy2,
ωK0 = dy1 ∧ dy4 + dy2 ∧ dy3, h0 = (dy1)2 + (dy2)2 + (dy3)2 + (dy4)2,
volH = dy1∧dy2∧dy3∧dy4 = 12ωI0∧ωI0 = 12ωJ0 ∧ωJ0 = 12ωK0 ∧ωK0 . (2.8)
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Here h0 is the Euclidean metric on H, with volume form volH. As in [20, Ch. 7],
the metric h0 is hyperKa¨hler, so it is Ka¨hler with respect to three different
complex structures I, J,K on H. Here ωI0 , ω
J
0 , ω
K
0 are the Ka¨hler forms of I, J,K
for h0. Explicitly, we have ω
I
0(v, w) = h0(Iv, w) and similarly for J,K. It is clear
that the three Ka¨hler forms are all self-dual with respect to h0 and the standard
orientation. The three complex structures satisfy the quaternion multiplication
relations when acting on tangent vector fields:
I2 = J2 = K2 = −1, IJ = −JI = K,
JK = −KJ = I, KI = −IK = J. (2.9)
In fact, H has an entire S2 family of complex structures, with respect to each
of which h0 is a Ka¨hler metric. Explicitly, Ju = u1I + u2J + u3K is such a
complex structure, for any u = (u1, u2, u3) ∈ R3 satisfying u21 + u22 + u23 = 1,
with Ka¨hler form ωJu0 = u1ω
I
0 + u2ω
J
0 + u3ω
K
0 .
Given a complex structure I acting on tangent vectors, we define its dual
map acting on 1-forms, also denoted I, by (Iα)(v) = α(Iv). In particular, with
this definition it follows that when acting on 1-forms, we have:
I2 = J2 = K2 = −1, IJ = −JI = −K,
JK = −KJ = −I, KI = −IK = −J. (2.10)
Explicitly, here we have
I(dy1) = −dy2, I(dy2) = dy1, I(dy3) = −dy4, I(dy4) = dy3,
J(dy1) = −dy3, J(dy2) = dy4, J(dy3) = dy1, J(dy4) = −dy2,
K(dy1) = −dy4, K(dy2) = −dy3, K(dy3) = dy2, K(dy4) = dy1. (2.11)
We note here for future use that, from the orthogonality of I, the self-duality
∗ωI = ωI , and the relation ωI0(v, w) = h0(Iv, w) it follows that
∗ (α ∧ ωI) = −Iα for any 1-form α, (2.12)
and similarly for J,K. Equation (2.12) is a purely linear algebraic fact that
holds on any hyperKa¨hler 4-manifold.
The Lie subgroup of GL(4,R) acting on H = R4 preserving ωI0 , ω
J
0 , ω
K
0 is
SU(2)∼=Sp(1). So the action of SU(2) on R7 ∼= R3 ⊕ H which is trivial on R3
and left multiplication on H preserves ϕ0, ∗ϕ0 by (2.7)–(2.8). This induces an
embedding of Lie subgroups SU(2) →֒ G2, since G2 is the subgroup of GL(7,R)
fixing ϕ0.
Riemannian 4-manifolds with holonomy SU(2) are known as Calabi–Yau
2-folds, or hyperKa¨hler 4-manifolds, as in [20, Ch.s 6 & 7] for instance. By
the general theory of Riemannian holonomy, the inclusion SU(2) →֒ G2 above
means that if X is a hyperKa¨hler 4-manifold, with metric h, volume form volX ,
complex structures I, J,K, and Ka¨hler form ωI , ωJ , ωK , then the product 7-
manifold M = R3 × X is a torsion-free G2-manifold, with 3-form ϕ, metric g
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and 4-form ψ given by
ϕ = dx1 ∧ dx2 ∧ dx3 − dx1 ∧ ωI − dx2 ∧ ωJ − dx3 ∧ ωK ,
g = (dx1)
2 + (dx2)
2 + (dx3)
2 + h,
ψ = volX −dx2 ∧ dx3 ∧ ωI − dx3 ∧ dx1 ∧ ωJ − dx1 ∧ dx2 ∧ ωK ,
(2.13)
as in (2.7). The G2-manifolds of this type have holonomy SU(2) ⊂ G2.
2.5 The Eguchi–Hanson space
Following our discussion of hyperKa¨hler 4-manifolds in §2.4, we now describe
a particular example of a hyperKa¨hler 4-manifold that plays a crucial role in
our construction. The Eguchi–Hanson space was originally discovered in [14,15]
but it can be described from several points of view. These descriptions include:
the resolution (blow-up) of C2/Z2 at the origin, which describes it as a complex
manifold; the simplest case of both the Calabi construction [5] of hyperKa¨hler
metrics on T ∗CPn and the Stenzel construction [35] of Calabi–Yau metrics on
T ∗Sn; and the hyperKa¨hler quotient construction of Eguchi–Hanson space. A
good survey of hyperKa¨hler manifolds in general and the Eguchi–Hanson space
in particular, discussing various different approaches, can be found in [10].
Write the Eguchi–Hanson space as X , with blow-up map B : X → C2/{±1},
and complex structure I on X , C2, and C2/{±1}. The exceptional divisor of the
blow-up is written Y = B−1(0), where Y ∼= CP1. Write r : C2 → [0,∞) for the
radius function r(z1, z2) = (|z1|2 + |z2|2)1/2. Also write r : C2/{±1} → [0,∞)
for the function descending from r : C2 → [0,∞), and write r : X → [0,∞) in
place of r ◦B, so that Y = r−1(0) ⊂ X .
Remark 2.9. The map B : X → C2/{±1} is not a smooth map in the sense
of orbifolds. This means that given some smooth function or tensor T on C2
which is invariant under {±1}, then T descends to a smooth function or tensor
on C2/{±1} in the orbifold sense, but the pullback B∗(T ) may not be smooth
(or defined) on the exceptional divisor Y = B−1(0).
However, since B is defined using complex geometry, holomorphic objects
on C2/{±1} do pull back to holomorphic (and hence smooth) objects on X .
For example, the holomorphic functions z21 , z
2
2 , and z1z2 on C
2/{±1} pull back
to holomorphic functions on X . Although r2 : C2/{±1} → R is smooth in the
orbifold sense, its pullback r2 : X → R is not smooth on X . But r4 : X → R is
smooth, since
r4 = |z21 |2 + |z22 |2 + 2|z1z2|2,
where z21 , z
2
2 , and z1z2 are holomorphic, and hence smooth, on X . Near Y , we
can think of r4 as the squared distance to Y in X .
In §4 we will work with a bundle σ : P → L with Eguchi–Hanson space
fibres Xx for x ∈ L. We will have to be careful that the metrics and forms we
define on P extend smoothly over the exceptional divisors Yx in the fibres Xx.
N
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On R4 = C2 use real coordinates (y1, y2, y3, y4) and complex coordinates
(z1, z2) with z1 = y1 + iy2, z2 = y3 + iy4, so that r
2 = y21 + y
2
2 + y
2
3 + y
2
4 =
|z1|2 + |z2|2. We have a Euclidean metric h0, complex structures I, J,K where
z1, z2 are holomorphic with respect to I, and Ka¨hler forms ω
I
0 , ω
J
0 , ω
K
0 , where
h0 = dy
2
1 + dy
2
2 + dy
2
3 + dy
2
4 = |dz1|2 + |dz2|2,
ωI0 = dy1 ∧ dy2 + dy3 ∧ dy4 = i2 (dz1 ∧ dz¯1 + dz2 ∧ dz¯2),
and
ωJ0 = dy1 ∧ dy3 + dy4 ∧ dy2, ωK0 = dy1 ∧ dy4 + dy2 ∧ dy3,
ωJ0 + iω
K
0 = dz1 ∧ dz2.
Since I(dz1) = idz1 and I(dz2) = idz2, we have
Idy1 = −dy2, Idy2 = dy1, Idy3 = −dy4, Idy4 = dy3.
Then we may also write
ωI0 = − 14d[I(d(r2))], (2.14)
where r2 = y21 + y
2
2 + y
2
3 + y
2
4 : C
2 → R is the Ka¨hler potential of ω0 on (C2, I).
For a > 0, define fa : (0,∞)→ R by
fa(r) =
√
r4 + a2 − a log
(√
r4 + a2 + a
r2
)
=
√
r4 + a2 + 2a log r − a log
(√
r4 + a2 + a
)
.
(2.15)
Then fa(r) = af1(a
−1/2r). There is a unique Ricci-flat Ka¨hler metric ha on
(X, I) with Ka¨hler form ωIa, where analogous to (2.14), on X \ Y we have
ωIa|X\Y = − 14d[I(dfa(r))], (2.16)
The function r2 is the Ka¨hler potential of the Euclidean metric h0 on
C
2/{±1}. We need to understand the difference between the metrics ha and h0
near infinity. Define a smooth function Ga : (0,∞)→ R by
Ga(r) = fa(r)− r2. (2.17)
Then from the first line of (2.15) we can show that for large r we have
∇kGa(r) = O(r−2−k) as r→∞, for all k > 0, (2.18)
where ∇ is the Levi-Civita connection of h0. Equation (2.18) when k = 2
implies that ha = h0 +O(r
−4) as r →∞. That is, ha is Asymptotically Locally
Euclidean (ALE). See [20, Chapters 7–8] for more background on ALE metrics.
The expression (2.16) defines ωIa on X \ Y . We will show how it in fact
extends smoothly over Y in a unique way. From the second line of (2.15), write
fa(r) = 2a log r +Ha(r
4), (2.19)
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where Ha : (−a2,∞)→ R is the smooth function given by
Ha(u) =
√
u+ a2 − a log
(√
u+ a2 + a
)
.
Note that as r4 : X → R is smooth by Remark 2.9 and takes values in [0,∞) ⊂
(−a2,∞), this implies that Ha(r4) is a smooth function on all ofX , including Y .
Define 2-forms ωJ , ωK on X by ωJ + iωK = π∗(ωJ0 + iω
K
0 ). These are
smooth by Remark 2.9, because ωJ0 + iω
K
0 is holomorphic on C
2/{±1}. There
are unique complex structures Ja,Ka on X such that ha is Ka¨hler with respect
to Ja,Ka with Ka¨hler forms ω
J , ωK . Then (X,ha) is hyperKa¨hler, with complex
structures (I, Ja,Ka) and Ka¨hler forms (ω
I
a, ω
J , ωK). Note that ha, Ja,Ka, ω
I
a
depend on a ∈ (0,∞), but I, ωJ , ωK do not. As a → 0, these ha, (I, Ja,Ka),
(ωIa, ω
J , ωK) approach the Euclidean hyperKa¨hler structure on C2/{±1}.
There is a natural holomorphic map π : X → Y = CP1, acting by π(x) =
[z1, z2] if B(x) = (z1, z2) for x ∈ X \ Y , which realizes X as the total space of
the holomorphic line bundle O(−2) = T ∗CP1 over CP1. On X \ Y we have
− 14d[I(d(2 log r))] = π∗(ωCP1)|X\Y , (2.20)
where ωCP1 is the Ka¨hler form of the usual Fubini–Study metric on CP
1. Com-
bining (2.16), (2.19) and (2.20) shows that
ωIa = a π
∗(ωCP1)− 14d[I(dHa(r4))]. (2.21)
Note that although (2.16) only makes sense on X \ Y since fa(r(x)) → −∞ as
x → y ∈ Y in X , equation (2.21) is valid on all of X , because both π∗(ωCP1)
and Ha(r
4) are smooth on X .
Remark 2.10. The submanifold Y of X , corresponding to the zero section
CP
1 ∼= S2 in X = T ∗CP1, is sometimes called the bolt of X . It is well known
that the Fubini–Study metric on CP1 is isometric to the round metric on S2 of
radius 12 . It follows from (2.21) that the area of the bolt is πa. N
By the material of §2.4, we see that we have a torsion-free G2-structure
(ϕa, ga) on R
3 ×X for a > 0, with 4-form ψa, given by
ϕa = dx1 ∧ dx2 ∧ dx3 − dx1 ∧ ωIa − dx2 ∧ ωJ − dx3 ∧ ωK ,
ga = (dx1)
2 + (dx2)
2 + (dx3)
2 + ha,
ψa = volX −dx2 ∧ dx3 ∧ ωIa − dx3 ∧ dx1 ∧ ωJ − dx1 ∧ dx2 ∧ ωK .
We can generalize this by rescaling distances in X by t > 0, replacing
h, ωIa, ω
J , ωK , volH by t
2h, t2ωIa, t
2ωJ , t2ωK , t4 volH, respectively, giving a family
of torsion-free G2-structures (ϕa,t, ga,t) on R
3×X for a, t > 0 with 4-forms ψa,t:
ϕa,t = dx1 ∧ dx2 ∧ dx3 − t2dx1 ∧ ωIa − t2dx2 ∧ ωJ − t2dx3 ∧ ωK ,
ga,t = (dx1)
2 + (dx2)
2 + (dx3)
2 + t2ha, (2.22)
ψa,t = t
4 volX −t2dx2 ∧ dx3 ∧ ωIa − t2dx3 ∧ dx1 ∧ ωJ − t2dx1 ∧ dx2 ∧ ωK .
These (ϕa,t, ga,t), ψa,t will be our local models in §4.
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2.6 G2-manifolds and Calabi–Yau 3-folds
Let us identify R7 with coordinates (x1, . . . , x7) with R ⊕ C3 with coordinates
(x, (z1, z2, z3)) by
(x1, . . . , x7) ∼= (x, (z1, z2, z3)) = (x4, (x1 + ix5, x2 + ix6, x3 + ix7)).
Then in equations (2.1)–(2.3) we have
ϕ0 = dx∧ ω0 +ReΩ0, g = dx2 + h0, ∗ϕ0 = −dx ∧ ImΩ0 + 12ω0 ∧ ω0,
where ω0 =
i
2
(
dz1 ∧ dz¯1 + dz2 ∧ dz¯2 + dz3 ∧ dz¯3
)
,
Ω0 = dz1 ∧ dz2 ∧ dz3, and h0 = |dz1|2 + |dz2|+ |dz3|2, (2.23)
so that ω0 is the standard Ka¨hler form, Ω0 the holomorphic volume form, and h0
the Ka¨hler metric on C3, normalized by the equation volC3 =
1
6ω
3
0 =
i
8 Ω0 ∧ Ω¯0.
The Lie subgroup of GL(6,R) acting on R6 ∼= C3 preserving both ω0 and Ω0 is
SU(3). So the action of SU(3) on R7 ∼= R⊕C3 which is trivial on R and as usual
on C3 preserves ϕ0, ∗ϕ0 by (2.23). This induces an embedding of Lie subgroups
SU(3) →֒ G2, since G2 is the subgroup of GL(7,R) fixing ϕ0.
Riemannian 6-manifolds with holonomy SU(3) are known as Calabi–Yau
3-folds, as in [20, Ch. 6] for instance. By the general theory of Riemannian
holonomy, the inclusion SU(3) →֒ G2 above means that if Y is a Calabi–Yau
3-fold, with Ricci-flat Ka¨hler metric h, complex structure J , Ka¨hler form ω, and
holomorphic (3, 0)-form Ω, normalized by volY =
1
6ω
3 = i8 Ω ∧ Ω¯ and
h(v, w) = ω(v, Jw)
for vector fields v and w on Y , and S1 = R/Z is the circle with coordinate
x ∈ R/Z and metric dx2, then the product 7-manifoldM = S1×Y is a torsion-
free G2-manifold, with 3-form ϕ, metric g and 4-form ψ given by
ϕ = ReΩ + dx ∧ ω, g = dx2 + h, ψ = −dx ∧ ImΩ + 12ω ∧ ω, (2.24)
as in (2.23). The G2-manifolds of this type have holonomy SU(3) ⊂ G2.
2.7 G2-involutions and their fixed point sets
We now define what we mean by a G2-involution ι, which we need to construct
the orbifold M/〈ι〉.
Definition 2.11. Let (M,ϕ) be a G2-manifold, and ι : M → M be a diffeo-
morphism of M . We call ι a G2-involution if ι is an involution which preserves
the G2-structure. This means ι
2 = 1, where 1 is the identity map of M , and
ι∗(ϕ) = ϕ. Such a map ι also clearly satisfies ι∗(g) = g and ι∗(ψ) = ψ. N
Example 2.12. Suppose that M = S1 × Y , with Y a Calabi–Yau 3-fold, as
described in §2.6, and S1 = R/Z. An anti-holomorphic isometric involution τ of
Y is a diffeomorphism satisfying τ2 = 1 (involution), τ∗(g) = g (isometry), and
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τ∗(J) = −J (anti-holomorphic). It follows that τ∗(ω) = −ω and τ∗(Ω) = Ω¯.
Define an involution on M = S1 × Y by ι(x, y) = (−x, τ(y)). From equation
(2.24) we see that
ι∗(ϕ)=Re(τ∗(Ω))+(−dx)∧τ∗(ω)=Re(Ω¯)+(−dx) ∧ (−ω)=Re(Ω)+dx ∧ ω=ϕ,
so that such an ι is a G2-involution. N
We will need to understand the fixed point set of a G2-involution. The
following is [20, Prop. 10.8.1], except for L totally geodesic, which is obvious.
Proposition 2.13. Let (M,ϕ) be a connected, compact G2-manifold, and let
ι be a G2-involution of M . Let L be the fixed point set of ι. That is, L = {p ∈
M : ι(p) = p}. Suppose that ι is not the identity (L 6= M), and that ι has at
least one fixed point (L 6= ∅). Then L is a smooth, orientable 3-dimensional
compact submanifold of M which is totally geodesic, and, with respect to a
canonical orientation, is associative.
Remark 2.14. An associative submanifold is calibrated with respect to ϕ, in
the sense of Harvey–Lawson [17]. In particular, we note here for future reference
the important fact that the normal bundle ν of an associative submanifold L
of (M,ϕ) is always topologically trivial. This fact is well-known, but hard to
find in the literature, so we outline the argument here. We use use the algebraic
properties of the octonions (see [17]). The fibre of the normal bundle νp over
a point p ∈ L is a coassociative 4-plane in TpM , and thus the cross product
sp × Xp of a normal vector sp ∈ νp with a tangent vector Xp ∈ TpL always
lies in the normal space νp. Let {e1, e2, e3} be a global frame for L, which
exists since all 3-manifolds are parallelizable. Let s be a non-vanishing section
of ν, which exists because ν is an R4-bundle over a 3-manifold. Then the set
{s, s× e1, s× e2, s× e3} is a global frame for ν, so ν is topologically trivial. N
Example 2.15. Consider the G2-involution on S1×Y of Example 2.12. If (x, y)
is a fixed point of ι, then x = −x in R/Z and τ(y) = y. This means x = 0 or
x = 12 , and y is a fixed point of τ . Since τ
∗(ω) = −ω and τ∗(Im(Ω)) = − Im(Ω),
we see that on the fixed point set L of τ , which by Proposition 2.13 is a 3-
dimensional submanifold of Y , the forms ω and Im(Ω) both vanish. Thus L is
a special Lagrangian submanifold of Y , and the fixed point set of ι in M is two
copies of L, namely {0} × L and { 12} × L. N
3 G2-structures on the normal bundle ν of L
in M
From here until the end of §6.4 we will work in the following situation.
Assumption 3.1. Suppose we are given a compact, torsion-free G2-manifold
(M,ϕ, g), and a nontrivial involution ι : M → M with ι∗(ϕ) = ϕ, so that
ι∗(g) = g. Write L for the fixed locus of ι in M . Then L is an associative 3-fold
in (M,ϕ, g) by Proposition 2.13, and is compact as M is.
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We suppose L is nonempty, but not necessarily connected. Suppose we are
given a closed, coclosed, nonvanishing 1-form λ on L. That is, λ ∈ Ω1(L) with
dλ = d∗λ = 0, where d∗ is defined using g|L, and λ|x 6= 0 in T ∗xL for all x ∈ L.
(See Remark 6.5 for a justification of the necessity of this assumption.)
3.1 Choosing a tubular neighbourhood of L
Let (M,ϕ, g), ι, L be as in Assumption 3.1. Write ν → L for the normal bundle
of L in M , a rank 4 real vector bundle in the exact sequence
0 // TL // TM |L // ν // 0. (3.1)
There is a unique vector bundle isomorphism
TM |L ∼= ν ⊕ TL (3.2)
compatible with (3.1) such that the subbundles ν, TL in TM |L are orthogonal
with respect to g. Write gL ∈ Γ∞(S2T ∗L) for the restriction of g to L, and
hν ∈ Γ∞(S2ν∗) for the restriction of g to the factor ν in (3.2), so that
g|L = hν ⊕ gL in Γ∞(S2T ∗M |L).
Write ∇g for the Levi-Civita connection of g, and ∇ν for the connection on
ν → L induced from the restriction of ∇g to TM |L using (3.2), and ∇gL for
the Levi-Civita connection of gL. Recall by Proposition 2.13 that L is totally
geodesic in (M, g), hence the second fundamental form of L in M vanishes.
Consequently, suppose v, w ∈ Γ∞(TL), and α ∈ Γ∞(ν). Choose vector fields
v˜, w˜ ∈ Γ∞(TM) with v˜|L ∼= 0 ⊕ v, w˜|L ∼= α ⊕ w under the isomorphism (3.2).
Then under (3.2) we have
(∇gv˜w˜)|L ∼= (∇νvα) ⊕ (∇gLv w). (3.3)
We will choose data UR ⊂ ν and Υ : UR →M as in the next definition:
Definition 3.2. Write points of ν as (x, α) for x ∈ L and α ∈ νx. Fix R > 0,
and define
UR =
{
(x, α) ∈ ν : |α|hν < R
}
, (3.4)
so that UR is a tubular neighbourhood of the zero section in ν. Write π : UR → L
for the projection π : (x, α) 7→ x. We will choose a smooth map Υ : UR → M
satisfying the following conditions:
(i) Υ is a diffeomorphism with an open neighbourhood of L in M .
(ii) Υ(x, 0) = x for x ∈ L.
(iii) Υ(x,−α) = ι ◦Υ(x, α) for all (x, α) ∈ UR. (Compatibility with the invo-
lution.)
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(iv) Identify L with the zero section
{
(x, 0) : x ∈ L} in UR ⊂ ν. Then
there is a natural identification TUR|L ∼= ν ⊕ TL. Also (i),(ii) imply that
Υ∗|L : TUR|L → TM |L is a vector bundle isomorphism. The composition
of these isomorphisms ν ⊕ TL ∼= TUR|L ∼= TM |L must agree with (3.2).
Another way to say this is that the induced pushforward Υ∗ : TUR → TM
restricted to the zero section of TUR is the identity map on TxL⊕ νx.
N
One way to define such a map Υ is using exponential normal coordinates
along L: for each (x, α) in UR there is a unique geodesic γ : [0, 1] → M in
(M, g) with γ(0) = x, γ˙(0) = α and length |α|hν , and we set Υ(x, α) = γ(1).
Then provided R > 0 is small enough, conditions (i)–(iv) hold. However, in
Proposition 3.8 we will choose UR,Υ to satisfy an extra condition, which expo-
nential normal coordinates may not satisfy.
3.2 Power series decomposition of ϕ, ∗ϕ, g on ν
Use the notation of §3.1. Let V denote the vertical subbundle of Tν. We have
V ∼= π∗ν as a bundle over ν, where π : ν → L is the projection. The total
space of ν admits a 1-parameter family of diffeomorphisms given by dilation
in the fibres. Explicitly, given t ∈ R, the dilation map t : ν → ν given by
t(x, α) = (x, tα) is a diffeomorphism if t 6= 0. The vector field δ on ν whose
flow is this family is called the dilation vector field on ν. It is a vertical vector
field, and with respect to the isomorphism V ∼= π∗ν we have δ|(x,α) ∼= α at each
(x, α) ∈ ν.
Define smooth maps Υt for t ∈ R by
Υt : U|t|−1R →M, Υt : (x, α) 7→ Υ(x, tα), 0 6= t ∈ R,
Υ0 : ν →M, Υ0 : (x, α) 7→ Υ(x, 0α) = x, t = 0,
(3.5)
where U|t|−1R is as in (3.4) with |t|−1R in place of R, so that Υ1 = Υ. Note
that Υt = Υ ◦ t is the composition of Υ with dilation by t.
Consider the pullbacks Υ∗t (ϕ), Υ
∗
t (∗ϕ), Υ∗t (g). These are defined on ν for
t = 0 and on U|t|−1R for t 6= 0, where limt→0 U|t|−1R = ν. Since Υt depends
smoothly on t ∈ R, so do Υ∗t (ϕ), Υ∗t (∗ϕ), Υ∗t (g). Thus we can consider the
Taylor series of Υ∗t (ϕ), Υ
∗
t (∗ϕ), Υ∗t (g) in t at t = 0.
From Definition 3.1(iii) and ι∗(ϕ) = ϕ we see that Υ∗−t(ϕ) = Υ
∗
t (ϕ), and
similarly for ∗ϕ, g, so there are no odd powers of t in the Taylor series. Hence
we may write
Υ∗t (ϕ) ∼
∞∑
n=0
t2nϕ2n, (3.6)
Υ∗t (∗ϕ) ∼
∞∑
n=0
t2nψ2n, (3.7)
Υ∗t (g) ∼
∞∑
n=0
t2ng2n. (3.8)
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Here ϕ2n, ψ2n, g2n are defined and smooth on all of ν, and ‘∼’ in (3.6) means
that on any compact subset S ⊆ ν, so that S ⊆ U|t|−1R for sufficiently small t,
we have
supS
∣∣∣Υ∗t (ϕ)− k∑
n=0
t2nϕ2n
∣∣∣ = o(t2k) as t→ 0 for all k = 0, 1, . . . ,
and similarly for (3.7)–(3.8).
Remark 3.3. In fact as ϕ satisfies an elliptic equation, there is a unique real
analytic structure on M such that ϕ, ∗ϕ, g are real analytic. If we choose Υ also
to be real analytic, then on any compact subset S ⊆ ν, the sums in (3.6)–(3.8)
converge absolutely for small enough t, and the equations hold exactly. But we
will not need this. N
Note that ϕ2n, ψ2n, g2n depend on the choice of map Υ.
Since dϕ = 0 and d(∗ϕ) = 0 we see from (3.6)–(3.7) that
dϕ2n = 0 and dψ2n = 0 for all n = 0, 1, . . . . (3.9)
Let s 6= 0 and consider the dilation s : ν → ν. Then Υts = Υt ◦ s, so
s∗Υ∗t = Υ
∗
st. It follows that
∞∑
n=0
t2ns∗ϕ2n ∼ s∗Υ∗t (ϕ) = Υ∗ts(ϕ) ∼
∞∑
n=0
t2ns2nϕ2n
and similarly for ∗ϕ and g. Thus ϕ2n, ψ2n, g2n are homogeneous of order 2n
under dilations in ν, so that
Lδϕ2n = 2nϕ2n, Lδψ2n = 2nψ2n, Lδg2n = 2n g2n,
where Lδ is the Lie derivative. Using Cartan’s formula Lvβ = d(v ·β) + v · (dβ)
for a vector field v and exterior form β, and equation (3.9), we see that
ϕ2n =
1
2n
d(δ · ϕ2n), ψ2n = 1
2n
d(δ · ψ2n) for n = 1, 2, . . . , (3.10)
so the ϕ2n and ψ2n are exact for n > 0.
Now let ∇˜ν be a connection on ν. This could be the connection ∇ν defined
in §3.1, but later we will want the freedom to choose a different connection. On
ν, the connection ∇˜ν induces a splitting of vector bundles
Tν = V ⊕H, where V ∼= π∗(ν) and H ∼= π∗(TL). (3.11)
Here V and H are the vertical and horizontal subbundles of the connection,
respectively. The exact sequence
0 // π∗(ν) ∼= V // Tν // π∗(TL) ∼= H // 0
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is independent of choices, but the embedding H ⊂ Tν splitting this exact
sequence depends on the choice of ∇˜ν . Dual to (3.11) we have a splitting
T ∗ν = V ∗ ⊕H∗, and hence a splitting
ΛkT ∗ν =
⊕
i+j=k, 06i64, 06j63
ΛiV ∗ ⊗ ΛjH∗. (3.12)
Write ϕ2ni,j , ψ
2n
i,j for the components of ϕ
2n, ψ2n in ΛiV ∗⊗ΛjH∗ in the split-
ting (3.12). We will call such forms of type (i, j). Hence we have
ϕ2n = ϕ2n0,3 + ϕ
2n
1,2 + ϕ
2n
2,1 + ϕ
2n
3,0, ψ
2n = ψ2n1,3 + ψ
2n
2,2 + ψ
2n
3,1 + ψ
2n
4,0. (3.13)
Note that the components ϕ2ni,j , ψ
2n
i,j depend on the choice of connection ∇˜ν ,
although ϕ2n, ψ2n do not.
Similarly we decompose g2n = g2n0,2 + g
2n
1,1 + g
2n
2,0, with g
2n
0,2 ∈ S2H∗, g2n1,1 ∈
V ∗ ⊗H∗ and g2n2,0 ∈ S2V ∗.
In fact, for n > 0 we can decompose ϕ2n, ψ2n further. As the dilation vector
field δ lies in the V factor in (3.11), we see that δ · ϕ2ni,j is of type (i− 1, j), and
similarly for δ · ψ2ni,j . Since closed 1-forms on L pull back to closed sections of
H∗, we can show that if β = βi,j is a form of type (i, j) then dβ = (dβ)i+1,j +
(dβ)i,j+1 + (dβ)i−1,j+2 is the sum of terms of type (i + 1, j) and (i, j + 1) and
(i − 1, j + 2) only. That is, by taking the exterior derivative, the number of
horizontal components can never decrease, and can never increase by more than
two. Define forms ϕ˙2ni,j , ϕ¨
2n
i,j , ˙˙ϕ˙
2n
i,j , and ψ˙
2n
i,j , ψ¨
2n
i,j ,
˙˙ψ˙2ni,j of type (i, j) for n > 0 by
1
2n
d(δ · ϕ2ni,j) = ϕ˙2ni,j + ϕ¨2ni−1,j+1 + ˙˙ϕ˙2ni−2,j+2,
1
2n
d(δ · ψ2ni,j ) = ψ˙2ni,j + ψ¨2ni−1,j+1 + ˙˙ψ˙2ni−2,j+2.
(3.14)
Then (3.10) implies that
ϕ2ni,j = ϕ˙
2n
i,j + ϕ¨
2n
i,j + ˙˙ϕ˙
2n
i,j , ψ
2n
i,j = ψ˙
2n
i,j + ψ¨
2n
i,j +
˙˙ψ˙2ni,j for n > 0. (3.15)
By considering equation (3.14) for various values of (i, j), we derive the following
conditions:
ϕ¨2n3,0 = ˙˙ϕ˙
2n
2,1 = ˙˙ϕ˙
2n
3,0 = 0, ψ¨
2n
4,0 =
˙˙ψ˙2n3,1 =
˙˙ψ˙2n4,0 = 0 for n > 0 (j = −1 or −2),
ϕ˙2n0,3 = 0 for n > 0 (i = 0, j = 3). (3.16)
3.3 Understanding the leading terms in the power series
On the fibres of the rank 7 vector bundle TM |L over L we have a G2-structure
(ϕ, g)|L. Pulling back by π : ν → L gives a G2-structure π∗((ϕ, g)|L) on
π∗(TM |L)→ ν. But (3.2) gives an isomorphism
π∗(TM |L) ∼= π∗(ν)⊕ π∗(TL),
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and (3.11) an isomorphism
Tν = V ⊕H ∼= π∗(ν)⊕ π∗(TL).
Combining these gives an isomorphism Tν ∼= π∗(TM |L). Let (ϕν , gν) be the
G2-structure on the fibres of Tν (that is, the G2-structure on ν) identified with
π∗((ϕ, g)|L) by this isomorphism, and ψν the corresponding 4-form ∗gν (ϕν).
One can think of (ϕν , gν) as a G2-structure on ν that is “constant” on the
fibres, since at each point (x, α) ∈ ν it corresponds to the G2-structure ϕ(x) at
(x, 0) ∈ ν via the canonical isomorphism T(x,α)(νx) ∼= νx between the tangent
space of a vector space and the vector space itself.
Thus (ν, ϕν , gν) is a G2-manifold, which is generally not torsion-free, as we
will see shortly. We will use the metric gν to measure the size of tensors on ν.
Write ϕνi,j , ψ
ν
i,j , g
ν
i,j for the components of ϕ
ν , ψν , gν of type (i, j). As ϕν , ψν ,
gν are unchanged under −1 : ν → ν, the components with i odd are zero, giving
ϕν = ϕν0,3 + ϕ
ν
2,1, ψ
ν = ψν2,2 + ψ
ν
4,0, g
ν = gν0,2 + g
ν
2,0.
The fact that gν1,1 = 0 says that H is orthogonal to V . Since dilations rescale
the V factor in (3.11) but fix the H factor, the effect of Lie derivative by the
dilation vector field δ is
Lδϕνi,j = i ϕνi,j, Lδψνi,j = i ψνi,j , Lδgνi,j = i gνi,j. (3.17)
Return now to ϕ2n, ψ2n, g2n defined in §3.2. Observe that |ϕ2ni,j |gν , |ψ2ni,j |gν ,
|g2ni,j |gν are continuous functions on ν which are homogeneous of some degree
under dilations. Explicitly, since t∗ϕ2ni,j = t
2nϕi,j , the function |ϕ2ni,j |gν is ho-
mogeneous of order 2n − i with respect to dilations, because the gν-norm on
vertical k-forms is homogeneous of degree −k by (3.17). Similarly |ψ2ni,j |gν and
|g2ni,j |gν are also homogeneous of degree 2n− i.
Write r : ν → [0,∞) for the radius function, where r(x, α) = |α|gν . When
restricted to the unit sphere bundle of ν, which is compact, the continuous
functions |ϕ2ni,j |gν , |ψ2ni,j |gν , |g2ni,j |gν are bounded. Thus, by their homogeneity, we
deduce that∣∣ϕ2ni,j ∣∣gν = O(r2n−i), ∣∣ψ2ni,j ∣∣gν = O(r2n−i), ∣∣g2ni,j ∣∣gν = O(r2n−i). (3.18)
As the degree of homogeneity cannot be negative for ϕ2ni,j , ψ
2n
i,j , g
2n
i,j 6= 0, by
continuity at r = 0, we have
ϕ2ni,j = 0, ψ
2n
i,j = 0, g
2n
i,j = 0 if i > 2n. (3.19)
An immediate consequence of combining (3.19) and (3.14) is
ϕ˙2ni,j = ϕ¨
2n
i−1,j+1 = ˙˙ϕ˙
2n
i−2,j+2 = 0, for n > 0, (i > 2n),
ψ˙2ni,j = ψ¨
2n
i−1,j+1 =
˙˙ψ˙2ni−2,j+2 = 0, for n > 0, (i > 2n).
(3.20)
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The terms in (3.18) which are homogeneous of O(r0) are those which may be
nonzero at the zero section L ⊂ ν. But at the zero section, ϕν , ψν , gν agree with
Υ∗(ϕ),Υ∗(ψ),Υ∗(g), that is, with Υ∗1(ϕ),Υ
∗
1(ψ),Υ
∗
1(g). So (3.6)–(3.8) yield
ϕνi,j = ϕ
i
i,j , ψ
ν
i,j = ψ
i
i,j , g
ν
i,j = g
i
i,j , (no sum over i).
If i > 0 then ϕii,j = ϕ˙
i
i,j+ϕ¨
i
i,j+˙˙ϕ˙
i
i,j , but ϕ¨
i
i,j , ˙˙ϕ˙
i
i,j are respectively components
of 1i d(δ ·ϕii+1,j−1) and 1i d(δ ·ϕii+2,j−2), which are zero by (3.19). So ϕ¨ii,j = ˙˙ϕ˙ii,j =
0, and similarly ψ¨ii,j =
˙˙ψ˙ii,j = 0. Hence we have
ϕν = ϕ00,3 + ϕ˙
2
2,1, ψ
ν = ψ˙22,2 + ψ˙
4
4,0. (3.21)
Here ϕ00,3 = π
∗(volL) is the pullback to ν of the volume form volL on L, and is
a closed 3-form on ν.
We also find it useful to define ϕνt , ψ
ν
t , g
ν
t on ν to be the pullbacks of ϕ
ν , ψν , gν
under t : ν → ν for t > 0. This scales each component by the powers of t in
(3.6)–(3.8), so that by (3.21) we have
ϕνt = ϕ
0
0,3 + t
2ϕ˙22,1, ψ
ν
t = t
2ψ˙22,2 + t
4ψ˙44,0, g
ν
t = g
0
0,2 + t
2g22,0. (3.22)
Then (ϕνt , g
ν
t ) is a G2-structure on ν, with 4-form ψ
ν
t = ∗gνt (ϕνt ) = Θ(ϕνt ), and
ϕνt , ψ
ν
t , g
ν
t are the leading order approximations to Υ
∗
t (ϕ),Υ
∗
t (∗ϕ),Υ∗t (g) near
the zero section L ⊂ ν, just as ϕν , ψν , gν approximate Υ∗(ϕ),Υ∗(∗ϕ),Υ∗(g). If
we estimate the size of tensors using gνt rather than g
ν , the answers differ by
powers of t. For example, if βi,j is a form on ν of type (i, j) then∣∣βi,j∣∣gνt = t−i ∣∣βi,j∣∣gν . (3.23)
We may summarize all the work above, also using (3.20), with the following
pair of equations:
Υ∗t (ϕ) ∼
ϕ00,3 + t
2ϕ˙22,1
]
ϕνt =O(1)
+ t2ϕ¨21,2 + t
2ϕ˙21,2 + t
4ϕ˙43,0
]
O(tr)
+ t2 ˙˙ϕ˙20,3 + t
2ϕ¨20,3 + t
4ϕ¨42,1 + t
2ϕ˙20,3 + t
4ϕ˙42,1
]
O(t2r2)
+ t4 ˙˙ϕ˙41,2 + t
4ϕ¨41,2 + t
4ϕ˙41,2 + t
6ϕ˙63,0
]
O(t3r3)
+ · · · , (3.24)
Υ∗t (∗ϕ) ∼
t2ψ˙22,2 + t
4ψ˙44,0+
]
ψνt =O(1)
t2ψ¨21,3 + t
4ψ¨43,1 + t
2ψ˙21,3 + t
4ψ˙43,1
]
O(tr)
+ t4 ˙˙ψ˙42,2 + t
4ψ¨42,2 + t
4ψ˙42,2 + t
6ψ˙64,0
]
O(t2r2)
+ t4 ˙˙ψ˙41,3 + t
4ψ¨41,3 + t
6ψ¨63,1 + t
4ψ˙41,3 + t
6ψ˙63,1
]
O(t3r3)
+ · · · , (3.25)
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where the O(· · · ) are measured using gνt . Explicitly, using (3.18) and (3.23) we
have
|taα2ni,j |gνt = ta|α2ni,j |gνt = ta−i|α2ni,j |gν = ta−iO(r2n−i),
so the terms aligned horizontally in (3.24) and (3.25) have the same order
O(tkrk) when measured using | . |gνt . The terms aligned vertically sum to a
closed form, by (3.14).
3.4 Choosing Υ and ∇˜ν to eliminate the O(tr) error terms
Taking t = 1, it will be important later to eliminate the O(tr) terms in (3.24)–
(3.25), as they would cause too large an error to apply Theorem 2.7.
Recall that ϕ2n, ψ2n depend on the choice of the map Υ, and the further
decomposition into types ϕ2ni,j and ψ
2n
i,j depend on the choice of connection ∇˜ν
on ν. In this section we will modify Υ and ∇˜ν to eliminate the O(tr) terms
in (3.24)–(3.25).
In this section we will need several times to make use of a one-to-one cor-
respondence between tensors on the total space ν that are homogeneous of a
certain degree and sections of certain bundles over L. This correspondence is
more general but we will only describe two particular cases we will need. Recall
that we have canonical isomorphisms V ∼= π∗(ν) andH∗ ∼= π∗(T ∗L) and, given a
connection ∇˜ν on ν, we also have isomorphisms H ∼= π∗(TL) and V ∗ ∼= π∗(ν∗).
Let Sk(ν∗) be the kth symmetric power of ν∗, so sections of Sk(ν∗) are functions
on the total space ν that are homogeneous of degree k under dilations.
Case 1: Let α¯ be a section of the bundle S2n−i(ν∗) ⊗ Λi(ν∗) ⊗ TL. Then
under these identifications α¯ corresponds to a section vα¯ of Λ
i(V ∗) ⊗H which
is homogeneous of degree 2n− i. This correspondence can be seen explicitly as
follows. Let v be a vector field on L and let f1, . . . , fi be sections of ν
∗. Then
α¯ = h⊗ (f1 ∧ · · · ∧ fi)⊗ v ←→ vα¯ = h (π∗f1) ∧ · · · ∧ (π∗fi)⊗ π∗(v)
for h ∈ S2n−i(ν∗).
Case 2: Let α¯2ni,j be a section of the bundle S
2n−i(ν∗)⊗Λi(ν∗)⊗Λj(T ∗L). Then
under these identifications α¯2ni,j corresponds to a section of Λ
i(V ∗) ⊗ Λj(H∗),
that is an (i, j) form on ν, which is homogeneous of degree 2n− i. Explicitly, if
e1, . . . , ej are 1-forms on L and f1, . . . , fi are sections of ν
∗, then
α¯2ni,j = h⊗ (f1 ∧ · · · ∧ fi)⊗ (e1 ∧ · · · ∧ ej)
l
α2ni,j = h (π
∗f1) ∧ · · · ∧ (π∗fi)⊗ (π∗e1) ∧ · · · ∧ (π∗ej)
for h ∈ S2n−i(ν∗). Let dv = d(1,0) be the vertical derivative, the part of d that
takes an (i, j) form to an (i+1, j) form. In this case we also need to understand
the correspondence between dv on the right hand side and a canonical operation
on the left hand side. The easiest way to see this is in local coordinates. Let
x1, . . . , x3 be local coordinates on L and let y1, . . . , y4 be fibre coordinates for
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ν∗. Locally, a decomposable (i, j) form that is homogeneous of degree 2n−i will
be of the form h dya1 ∧· · · dyai ∧dxb1 · · · ∧dxbj where h(x, y) is homogeneous of
degree 2n−i in y1, . . . , y4. Noting that dvxb = 0 and dvya = dya, it is easy to see
that dv corresponds under the identification to the partial antisymmetrization
map
∧ : S2n−i(ν∗)⊗ Λi(ν∗)⊗ Λj(T ∗L)→ S2n−i−1(ν∗)⊗ Λi+1(ν∗)⊗ Λj(T ∗L).
We write this map explicitly in a local frame when 2n − i = 1 or 2n − i = 2.
Let β be a section of Λi(ν∗) and γ a j-form on L. Then we have
fa ⊗ β ⊗ γ 7→ (fa ∧ β)⊗ γ, 2n− i = 1,
(fafb)⊗ β ⊗ γ 7→ [fa ⊗ (fb ∧ β) + fb ⊗ (fa ∧ β)] ⊗ γ, 2n− i = 2.
With these preparations out of the way, we begin with the following lemma.
Lemma 3.4. In the situation above, we have
(DϕνΘ)(ϕ¨
2
1,2 + ϕ˙
2
1,2 + ϕ˙
4
3,0) = ψ¨
2
1,3 + ψ¨
4
3,1 + ψ˙
2
1,3 + ψ˙
4
3,1, (3.26)
where DϕνΘ is as in equation (2.6) in §2.2.
Proof. We have Θ(ϕν) = ψν and Θ(Υ∗(ϕ)) = Υ∗(∗ϕ), since Θ(ϕ) = ∗ϕ, and
Θ is an intrinsic object on any 7-manifold, and so commutes with pullback by
the local diffeomorphism Υ. Equation (3.26) now follows from (3.24)–(3.25) for
t = 1 and small r, since DϕνΘ must map the leading term in Υ
∗(ϕ)−ϕν to the
leading term in Θ(Υ∗(ϕ))−Θ(ϕν).
In §3.1 we chose Υ : UR → M . If we expand Υ in a power series around
L ⊂ UR in terms of order O(rk) for k = 0, 1, . . . , then the O(r0) and O(r1)
terms are determined by Definition 3.1(ii),(iv), but the O(r2) and higher terms
are essentially arbitrary, apart from the Z2-equivariance in Definition 3.1(iii).
The next lemma shows that by choosing the O(r2) terms in the expansion
of Υ correctly, we can ensure the vanishing of the fourth column in (3.24). Note
that the O(r2) terms in the expansion of Υ determine the O(r) terms in the
expansion of Υ∗(ϕ), since the pullback Υ∗ involves one derivative of Υ.
Lemma 3.5. We can choose the map Υ : UR → M in §3.1 so that ϕ˙43,0 =
ϕ¨42,1 = ˙˙ϕ˙
4
1,2 = 0.
Proof. Let R′ and Υ′ : UR′ → M be some fixed choice of R,Υ in §3.1, and
ϕ˙′43,0 the corresponding value for ϕ˙
4
3,0. Let α¯ be a smooth section of the rank
30 vector bundle S2ν∗ ⊗ TL→ L, to be chosen later. Under the identification
(Case 1) described above with n = 1 and i = 0, the section α¯ corresponds to
a vector field vα¯ in H ⊂ Tν on ν which is homogeneous quadratic in the fibre
directions. That is, vα¯ is a horizontal vector field on ν such that the function
|vα¯|gν is homogeneous of degree 2 under dilations.
For 0 < R 6 R′ small, define Υ : UR → M by Υ = Υ′ ◦ exp(vα¯), where
exp(vα¯) : UR → ν is the flow of the vector field vα¯, and it maps UR diffeomor-
phically to an open subset of UR′ providedR is sufficiently small. As vα¯ = O(r
2),
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we see that Υ and Υ′ agree up to O(r2) near L ⊂ UR, so Definition 3.1(ii),(iv)
for Υ′ imply (ii),(iv) for Υ. Also vα¯ is invariant under −1 : UR → UR, so
Definition 3.1(iii) for Υ′ implies (iii) for Υ. Hence R,Υ satisfy Definition 3.1.
We now have a 3-form ϕ˙43,0 on ν from the new Υ, so we can compare ϕ˙
4
3,0
and ϕ˙′43,0. They are precisely the (3, 0) components that are homogeneous of
degree 1 of Υ∗(ϕ) and Υ′∗(ϕ), respectively. Because Υ∗(ϕ) = exp(vα¯)
∗(Υ′∗(ϕ))
with vα¯ = O(r
2), we find that
Υ∗(ϕ) = Υ′∗(ϕ) + Lvα¯(Υ′∗(ϕ)) +O(r2)
= Υ′∗(ϕ) + d[vα¯ ·Υ′∗(ϕ)] +O(r2)
since Υ′∗(ϕ) is closed. We take the type (3,0) components of both sides of the
above equation and keep those terms that are homogeneous of degree 1. From
(3.24) with t = 1 the only component of Υ′∗(ϕ) for which d[vα¯ · Υ′∗(ϕ)] will
have a (3, 0) component is ϕ˙22,1, and indeed [d(vα¯ · ϕ˙22,1)]3,0 is homogeneous of
degree 1. Thus, we have
ϕ˙43,0 = ϕ˙
′4
3,0 + [d(vα¯ · ϕ˙22,1)]3,0 = ϕ˙′43,0 + dv(vα¯ · ϕ˙22,1). (3.27)
Because ϕ˙43,0, ϕ˙
′4
3,0 are sections of Λ
3V ∗ → ν which are linear in the fibre
directions, by the identification (Case 2) above we can identify ϕ˙43,0, ϕ˙
′4
3,0 with
sections ¯˙ϕ43,0, ¯˙ϕ
′4
3,0 of the rank 16 vector bundle ν
∗ ⊗ Λ3ν∗ → L. These sections
¯˙ϕ43,0, ¯˙ϕ
′4
3,0 are not arbitrary, however. The fourth column of (3.24) is closed,
and the only (4, 0) component of its exterior derivative arises from the vertical
(fibre) derivative of the (3,0) term. That is, ϕ˙43,0 and ϕ˙
′4
3,0 are closed in the fibre
directions. As explained above, under the identification this corresponds to ¯˙ϕ43,0
and ¯˙ϕ′43,0 being in the kernel of ∧ : ν∗⊗Λ3ν∗ → Λ4ν∗, which is a rank 15 vector
bundle on L.
Translating via the identifications, equation (3.27) becomes
¯˙ϕ43,0 = ¯˙ϕ
′4
3,0 + α¯ · ¯˙ϕ22,1,
where ¯˙ϕ22,1 is a section of Λ
2ν∗⊗T ∗L→ L, and ‘ · ’ is a natural bilinear product(
S2ν∗ ⊗ TL)× (Λ2ν∗ ⊗ T ∗L) −→ ν∗ ⊗ Λ3ν∗,
defined by combining the dual pairing of TL, T ∗L with the partial antisym-
metrization map S2ν∗ ⊗ Λ2ν∗ → ν∗ ⊗ Λ3ν∗. A calculation shows that the map
α¯ 7→ α¯ · ¯˙ϕ22,1 is surjective onto the kernel of ∧ : ν∗ ⊗Λ3ν∗ → Λ4ν∗. (The details
are given in Proposition A.1 of Appendix A.) Therefore we can choose α¯ such
that α¯ · ¯˙ϕ22,1 = − ¯˙ϕ′43,0, so that ¯˙ϕ43,0 = 0, and hence ϕ˙43,0 = 0, as desired. Finally,
since ϕ¨43,0 = ˙˙ϕ˙
4
3,0 = 0 by (3.16) we have ϕ
4
3,0 = 0 by (3.15). Hence by (3.14) we
deduce that ϕ¨42,1 = ˙˙ϕ˙
4
1,2 = 0 as well.
Remark 3.6. Note that in the proof above α¯ lives in a rank 30 vector bundle,
but ¯˙ϕ43,0 lives in a rank 15 vector bundle, so we have used only half of the
freedom in α¯. N
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From now on, fix the map Υ : UR → M satisfying Lemma 3.5. This fixes
the decomposition of Υ∗(ϕ) into components ϕ2n in (3.6). In §3.2 we chose a
connection ∇˜ν on ν → L, which was used to define the splitting Tν = V ⊕H ,
and hence the decompositions of ϕ2n into components ϕ2ni,j and ϕ˙
2n
i,j , ϕ¨
2n
i,j , ˙˙ϕ˙
2n
i,j in
(3.13) and (3.15). The next lemma explores the effect of changing the choice of
∇˜ν . Note that changing ∇˜ν does not change the fact that ϕ˙43,0 = ϕ¨42,1 = ˙˙ϕ˙41,2 = 0
in Lemma 3.5, since we see from (3.24) with t = 1 that ϕ˙43,0 = 0 if and only if
|ϕ4|gν = O(r2), where this second condition is independent of ∇˜ν , and ϕ˙43,0 = 0
implies ϕ˙43,0 = ϕ¨
4
2,1 = ˙˙ϕ˙
4
1,2 = 0 as above.
Lemma 3.7. In §3.2 there is a unique choice of the connection ∇˜ν on ν used
to define the splitting Tν = V ⊕H, such that ϕ¨21,2 = ϕ˙21,2 = ϕ¨20,3 = 0.
Proof. Observe that ϕ¨21,2 + ϕ˙
2
1,2 is a (1, 2) form on ν which is linear in the fibre
directions. By the identification (Case 2) above we can identify ϕ¨21,2+ ϕ˙
2
1,2 with
a section ¯¨ϕ21,2 + ¯˙ϕ
2
1,2 of ν
∗ ⊗ ν∗ ⊗ Λ2T ∗L over L, where the first factor of ν∗ is
linear functions in the fibres of ν → L, and the second factor is 1-forms on the
fibres of ν → L.
Suppose ∇˜ν and ∇˜′ν are two choices of ∇˜ν , yielding ϕ¨21,2+ϕ˙21,2 and ϕ¨′21,2+ϕ˙′21,2
above, and corresponding sections ¯¨ϕ21,2+ ¯˙ϕ
2
1,2 and ¯¨ϕ
′2
1,2+ ¯˙ϕ
′2
1,2 of ν
∗⊗ν∗⊗Λ2T ∗L.
Then we have ∇˜ν = ∇˜′ν + Γ, for Γ a smooth section of ν ⊗ ν∗ ⊗ T ∗L over L.
In terms of local frames, if e1, . . . , e3 is a local orthonormal frame for T
∗L and
f1, . . . , f4 is a local frame for ν
∗, then π∗e1, . . . , π
∗e3 is a local frame for H
∗ =
H ′∗, while the two connections ∇˜ν and ∇˜′ν induce different vertical frames,
since V ∗ 6= V ′∗. We denote these frames by π∗f1, . . . , π∗f4 and π′∗f1, . . . , π′∗f4,
respectively, which is an abuse of notation as they are not actually pullbacks.
The relation between these frames is
(π′∗fp)|(x,α) = (π∗fp)|(x,α) +
3∑
k=1
Γpqk(x)α
qek
at the point (x, αpfp) ∈ ν. From (3.24), we see that ϕ¨21,2 + ϕ˙21,2 is precisely the
(1, 2) part of ϕ2, and ϕ˙22,1 is the (2, 1) part of ϕ
2. We expand ϕ2 = ϕ22,1+ϕ
2
1,2+
ϕ20,3 = ϕ
′2
2,1 + ϕ
′2
1,2 + ϕ
′2
0,3 in terms of these frames, and apply the identification
between forms on ν and sections of bundles over L. A short calculation gives
¯¨ϕ21,2 + ¯˙ϕ
2
1,2 = ¯¨ϕ
′2
1,2 + ¯˙ϕ
′2
1,2 + Γ · ¯˙ϕ22,1, (3.28)
where ¯˙ϕ22,1 is the section of Λ
2ν∗ ⊗ T ∗L corresponding to ϕ˙22,1 under the iden-
tification of Λ2V ∗ ⊗ H∗ with Λ2ν∗ ⊗ T ∗L. Here ‘ · ’ is the canonical bilinear
pairing
(ν ⊗ ν∗ ⊗ T ∗L)× (Λ2ν∗ ⊗ T ∗L)→ ν∗ ⊗ ν∗ ⊗ Λ2T ∗L
given by pairing the ν factor with the Λ2ν∗ factor, and wedging the two T ∗L
factors together.
A calculation shows that the map Γ 7→ Γ · ¯˙ϕ22,1 is an isomorphism of vector
bundles on L. (The details are given in Proposition A.3 of Appendix A.) Hence
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if we fix a reference connection ∇˜′ν on ν, giving some ¯¨ϕ′21,2 + ¯˙ϕ′21,2, there is a
unique Γ such that (3.28) gives ¯¨ϕ21,2 + ¯˙ϕ
2
1,2 = 0, and then ∇˜ν = ∇˜′ν + Γ is the
unique choice of connection on ν with ϕ¨21,2 + ϕ˙
2
1,2 = 0.
By (3.19), we have ϕ23,0 = 0. Thus from (3.14) we get ˙˙ϕ˙
2
1,2 = 0. Therefore by
(3.15) we find that ϕ21,2 = ϕ¨
2
1,2 + ϕ˙
2
1,2. Hence we conclude that in fact ϕ
2
1,2 = 0,
which by (3.14) again implies that ϕ˙21,2 = ϕ¨
2
0,3 = 0. Thus ϕ¨
2
1,2 + ϕ˙
2
1,2 = 0 yields
ϕ¨21,2 = 0, and the proof is complete.
We now combine Lemmas 3.4, 3.5, and 3.7:
Proposition 3.8. We can choose the data Υ : UR → M and ∇˜ν in §3.1–§3.2
such that
ϕ¨21,2 = ϕ˙
2
1,2 = ϕ˙
4
3,0 = ϕ¨
2
0,3 = ϕ¨
4
2,1 = ˙˙ϕ˙
4
1,2 = 0,
ψ¨21,3 = ψ¨
4
3,1 = ψ˙
2
1,3 = ψ˙
4
3,1 = ψ¨
4
2,2 =
˙˙ψ˙41,3 = 0,
(DϕνΘ)(˙˙ϕ˙
2
0,3 + ϕ˙
2
0,3 + ϕ˙
4
2,1) =
˙˙ψ˙42,2 + ψ˙
4
2,2 + ψ˙
6
4,0.
(3.29)
Proof. Lemmas 3.5 and 3.7 prove that we may choose Υ, ∇˜ν such that the first
line of (3.29) holds. Hence Lemma 3.4 shows that
ψ¨21,3 + ψ¨
4
3,1 + ψ˙
2
1,3 + ψ˙
4
3,1 = 0. (3.30)
Since ψ23,1 = 0 by (3.19), we get from (3.14) that
˙˙ψ˙21,3 = 0. We also have
˙˙ψ˙43,1 = 0 by (3.16). Thus, taking the (1, 3) and (3, 1) components of (3.30) and
using (3.15) we find
ψ21,3 = ψ¨
2
1,3 + ψ˙
2
1,3 = 0, ψ
4
3,1 = ψ¨
4
3,1 + ψ˙
4
3,1 = 0. (3.31)
Applying (3.14) to ψ21,3 = 0 and ψ
4
3,1 = 0 gives ψ˙
2
1,3 = 0 and ψ˙
4
3,1 = ψ¨
4
2,2 =
˙˙ψ˙41,3 = 0, and feeding these back into (3.31) then gives ψ¨
2
1,3 = 0 and ψ¨
4
3,1 = 0.
We have thus proved the second line of (3.29).
Now in (3.24)–(3.25) with t = 1, all the O(r) terms are zero, so the leading
error terms are the O(r2) terms. Some of these O(r2) terms vanish by the first
two lines of (3.29), and the rest are on the left and right hand sides of the third
line of (3.29). Therefore the argument of Lemma 3.4 applied to the leading
O(r2) errors proves the third line.
From now on we fix the data Υ, ∇˜ν as in Proposition 3.8. The proposition,
combined with equations (3.21), (3.22), and (3.24)–(3.25) implies:
Corollary 3.9. In the situation above, ϕ˜ν = ϕν + ˙˙ϕ˙20,3 and ψ˜
ν = ψν + ˙˙ψ˙42,2 are
closed forms on ν, where | ˙˙ϕ˙20,3|gν = O(r2) and | ˙˙ψ˙42,2|gν = O(r2).
Similarly, ϕ˜νt = ϕ
ν
t + t
2 ˙˙ϕ˙20,3 and ψ˜
ν
t = ψ
ν
t + t
4 ˙˙ψ˙42,2 are closed forms on ν,
where |t2 ˙˙ϕ˙20,3|gνt = O(t2r2) and |t4 ˙˙ψ˙42,2|gνt = O(t2r2).
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Here is the point of all this. We have constructed a G2-structure (ϕ
ν
t , g
ν
t )
on ν with 4-form ψνt = Θ(ϕ
ν
t ) = ∗gνt ϕνt . To apply Theorem 2.7 in §6, we
will need (ϕνt , g
ν
t ) to have small torsion, in an appropriate sense. If dϕ
ν
t = 0
and dψνt = 0 then (ϕ
ν
t , g
ν
t ) would be torsion-free, by Theorem 2.2. In general
dϕνt 6= 0 and dψνt 6= 0, but as dϕ˜νt = 0 and dψ˜νt = 0 with ϕ˜νt = ϕνt + t2 ˙˙ϕ˙20,3
and ψ˜νt = ψ
ν
t + t
4 ˙˙ψ˙42,2, we can regard |t2 ˙˙ϕ˙20,3|gνt and |t4 ˙˙ψ˙42,2|gνt as measuring the
torsion of (ϕνt , g
ν
t ), as if t
2 ˙˙ϕ˙20,3 = t
4 ˙˙ψ˙42,2 = 0 then (ϕ
ν
t , g
ν
t ) would be torsion-free.
Thus, Corollary 3.9 basically says that the torsion of (ϕνt , g
ν
t ) is O(t
2r2).
Remark 3.10. It would be interesting to determine an invariant geometric
interpretation for the choices of Υ in Lemma 3.5 and of ∇˜ν in Lemma 3.7. N
3.5 Comparing Υ∗(ϕ),Υ∗(∗ϕ) and ϕ˜ν , ψ˜ν
We now construct forms η, ζ on UR which we will use in §6 to interpolate between
Υ∗(ϕ),Υ∗(∗ϕ) and ϕ˜ν , ψ˜ν , respectively. Define a 2-form η and a 3-form ζ on
UR by
η =
∫ 1
0
t−1
(
δ ·Υ∗t (ϕ)
)
dt− 12δ · ϕ22,1,
ζ =
∫ 1
0
t−1
(
δ ·Υ∗t (∗ϕ)
)
dt− 12δ · ψ22,2 − 14δ · ψ44,0.
(3.32)
Here the integrals are well defined because δ ·Υ∗0(ϕ) = 0 and δ ·Υ∗0(∗ϕ) = 0, so
δ ·Υ∗t (ϕ) and δ ·Υ∗t (∗ϕ) are both O(t).
Let Fs : ν → ν be the flow of the dilation vector field δ. Then (Υ◦Fs)(x, α) =
Υ(x, esα) = Υes(x, α). Thus Υt = Υ ◦ Flog t, so we have
d
dt
Υ∗t (ϕ) =
d
dt
(Υ ◦ Flog t)∗(ϕ) = t−1Lδ(Υ∗t (ϕ))
for t > 0. Using this we compute
d
[∫ 1
0
t−1
(
δ ·Υ∗t (ϕ)
)
dt
]
=
∫ 1
0
t−1Lδ(Υ∗t (ϕ))dt =
∫ 1
0
d
dt
(Υ∗t (ϕ))dt
= Υ∗1(ϕ)−Υ∗0(ϕ).
(3.33)
Substituting (3.32) into (3.33), using both (3.14) and the first line of (3.29), and
noting that Υ1 = Υ, Υ
∗
0(ϕ) = ϕ
0
0,3, we obtain
dη = Υ∗1(ϕ)−Υ∗0(ϕ)− ϕ˙22,1 − ϕ¨21,2 − ˙˙ϕ˙20,3
= Υ∗(ϕ)− ϕ00,3 − ϕ˙22,1 − ˙˙ϕ˙20,3.
In the same way, this time using the second line of (3.29) and Υ∗0(ψ) = 0, we
obtain
dζ = Υ∗1(ψ)−Υ∗0(ψ) − ψ˙22,2 − ψ¨21,3 − ψ˙44,0 − ψ¨43,1 − ˙˙ψ˙42,2
= Υ∗(ψ)− ψ˙22,2 − ψ˙44,0 − ˙˙ψ˙42,2.
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Using (3.21) and ϕ˜ν = ϕν + ˙˙ϕ˙20,3 and ψ˜
ν = ψν + ˙˙ψ˙42,2 from Corollary 3.9 we
conclude that
dη = Υ∗(ϕ) − ϕ˜ν |UR , and similarly dζ = Υ∗(∗ϕ)− ψ˜ν |UR . (3.34)
Substituting (3.6) into (3.32) and integrating term by term yields
η ∼
∫ 1
0
( ∞∑
n=1
t2n−1δ · ϕ2n)dt− 12δ · ϕ22,1
=
∞∑
n=1
1
2nδ · ϕ2n − 12δ · ϕ22,1 = 14δ · ϕ42,1 + 14δ · ϕ41,2 +
∞∑
n=3
1
2nδ · ϕ2n,
(3.35)
interpreted as a power series around the zero section L in UR, where we have
used ϕ23,0 = ϕ
2
1,2 = ϕ
4
3,0 = 0 and δ · ϕ20,3 = δ · ϕ40,3 = 0. From (3.18), (3.35) and
|δ| = O(r) we see that
|η|gν = O(r3) and |dη|gν =
∣∣Υ∗(ϕ)− ϕ˜ν |UR∣∣gν = O(r2) (3.36)
for small r. Similarly using ψ24,0 = ψ
2
3,1 = ψ
2
1,3 = ψ
4
3,1 = 0 we find that
ζ ∼
∫ 1
0
( ∞∑
n=1
t2n−1δ · ψ2n)dt− 12δ · ψ22,2 − 14δ · ψ44,0
=
∞∑
n=1
1
2nδ · ψ2n − 12δ · ψ22,2 − 14δ · ψ44,0
= 14δ · ψ42,2 + 14δ · ψ41,3 +
∞∑
n=3
1
2nδ · ψ2n,
and thus analogously that
|ζ|gν = O(r3) and |dζ|gν =
∣∣Υ∗(∗ϕ)− ψ˜ν |UR∣∣gν = O(r2). (3.37)
4 G2-structures on the resolution P of ν/{±1}
In this section we define a resolution ρ : P → ν/{±1} of the orbifold ν/{±1},
and a family of G2-structures (ϕ
P
t , g
P
t ) on P for t > 0, which are asymptotic
at infinity in P to the G2-structures (ϕ
ν/{±1}
t , g
ν/{±1}
t ) on ν/{±1} induced by
the G2-structure (ϕ
ν
t , g
ν
t ) on ν defined in (3.22) of §3.3. We then modify the
pair ϕPt , ψ
P
t = Θ(ϕ
P
t ) to a pair of closed forms ϕ˜
P
t , ψ˜
P
t . However, the torsion
ψ˜Pt −Θ(ϕ˜Pt ) will still be too large, and we will correct it further in §5.
We continue in the situation of §3, with Υ, ∇˜ν chosen as in Proposition 3.8.
This section will use only the following data from §3:
• The compact 3-manifold L, and rank 4 real vector bundle π : ν → L.
• The fibre metrics hν and gL on the bundles ν and TL over L, respectively,
and the radius function r : ν → [0,∞) defined using hν .
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• The connection ∇˜ν on ν, which induces a splitting Tν = V ⊕ H with
V ∼= π∗(ν) and H ∼= π∗(TL), and a notion of type (i, j) forms on ν.
• The data ϕνt = ϕ00,3 + t2ϕ˙22,1, ψνt = t2ψ˙22,2 + t4ψ˙44,0, gνt = gν0,2 + t2gν2,0 on
ν from (3.22) for t > 0, giving a G2-structure (ϕ
ν
t , g
ν
t ) on ν with 4-form
ψνt = Θ(ϕ
ν
t ).
• The forms ˙˙ϕ˙20,3 and ˙˙ψ˙42,2 on ν, where ϕ˜νt = ϕνt +t2 ˙˙ϕ˙20,3 and ψ˜νt = ψνt +t4 ˙˙ψ˙42,2
are closed forms on ν.
• The closed, coclosed, nonvanishing 1-form λ on L from Assumption 3.1.
4.1 Defining the resolution P of ν/{±1}
Define a smooth function A : L→ (0,∞) by A = |λ|gL , noting that λ is nowhere
vanishing, and define a 1-form e1 = A
−1λ on L, so that e1 is of unit length with
respect to the metric gL on L, and λ = Ae1. It will be convenient for us to
extend e1 to an oriented orthonormal basis (e1, e2, e3) of 1-forms on L, but this
may not be possible globally on L, as the rank 2 subbundle 〈e1〉⊥ ⊂ T ∗L may
not be trivial. So choose an open subset L′ ⊆ L on which 〈e1〉⊥ is trivial, and
choose 1-forms e2, e3 on L
′ such that (e1, e2, e3) is orthonormal with respect to
gL, and oriented with respect to the orientation on L induced by ϕ, so that since
L is associative in (M,ϕ, g), we have ϕ|L′ = e1 ∧ e2 ∧ e3. Then ∗λ = Ae2 ∧ e3.
Later we will show that the important structures we define are independent of
the choice of e2, e3, and so are well defined over all of L, not just over L
′ ⊆ L.
Since L is associative in (M,ϕ, g), at each point x ∈ L′ there exists an iso-
morphism TxM ∼= R7 identifying ϕ|x, g|x, ∗ϕ|x with ϕ0, g0, ∗ϕ0 in (2.1)–(2.3)
and identifying TxL with
{
(x1, x2, x3, 0, 0, 0, 0) : xj ∈ R
} ⊂ R7. We can also
choose this to identify e1|x, e2|x, e3|x with dx1, dx2, dx3. Therefore from equa-
tions (2.7) and (2.13) in §2.4, we see that there are unique smooth sections
ωˆI , ωˆJ , ωˆK of Λ2ν∗ → L′ such that
ϕ|L′ = e1∧e2∧e3−e1∧ωˆI−e2∧ωˆJ−e3∧ωˆK in Γ∞(Λ3T ∗M |L′),
∗ϕ|L′ = volν−e2∧e3∧ωˆI−e3∧e1∧ωˆJ−e1∧e2∧ωˆK in Γ∞(Λ4T ∗M |L′),
(4.1)
where ωˆI , ωˆJ , ωˆK are the Hermitian forms with respect to hν of almost com-
plex structures I, J,K : ν|L′ → ν|L′ on the fibres of ν satisfying the quater-
nion relations (2.9). That is, at each x ∈ L′ there exist linear coordinates
(y1, y2, y3, y4) on ν|L′ such that ωˆI |x, ωˆJ |x, ωˆK |x, hν |x, I|x, J |x,K|x are given by
equations (2.7)–(2.11) for ωI0 , ω
J
0 , ω
K
0 , h0, I, J,K.
If e′2, e
′
3 are alternative choices for e2, e3 yielding ωˆ
′I , ωˆ′J , ωˆ′K , I ′, J ′,K ′ then
we may write e′2 = cosφ e2 + sinφ e3 and e
′
3 = − sinφ e2 + cosφ e3 for some
smooth φ : L′ → R/2πZ, and comparing (4.1) for e1, e2, e3 and e1, e′2, e′3 we see
that
ωˆ′I = ωˆI , ωˆ′J = cosφ ωˆJ + sinφ ωˆK , ωˆ′K = − sinφ ωˆJ + cosφ ωˆK ,
I ′ = I, J ′ = cosφJ + sinφK, K ′ = − sinφJ + cosφK. (4.2)
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Hence ωˆI , I are independent of the choice of e2, e3 in the orthonormal basis of
sections (e1, e2, e3) on L
′. So by covering L by open L′ ⊆ L on which such
a basis (e1, e2, e3) exists, we construct global ωˆ
I ∈ Γ∞(Λ2ν∗) and I : ν → ν
satisfying (4.1) on each L′ in the cover.
Now I : ν → ν with I2 = −1 is a complex structure on the fibres of ν → L,
making ν into a rank 2 complex vector bundle, with fibre C2.
Remark 4.1. The complex structure I on ν, identifying the R4 fibres with C2,
can also be understood as follows. The unit 1-form e1 on L is metric dual to a
unit vector field, still denoted e1, on L. Because L is associative in M , it follows
that cross product with e1 takes normal vectors to normal vectors, and squares
to minus the identity. Thus I = e1 × (·). See also Remark 2.14. N
Form the quotient ν/{±1}, as a 7-dimensional orbifold, and write ̟ : ν →
ν/{±1} and π : ν/{±1} → L for the obvious projections and 0 : L → ν/{±1}
for the zero section. Then π : ν/{±1} → L is a fibre bundle with fibre C2/{±1}.
As in §2.5, the Eguchi–Hanson space X is the blow-up B : X → C2/{±1}
of C2/{±1} at 0, with exceptional divisor Y = B−1(0) where Y ∼= CP1. We
can do this blow-up construction fibrewise over L. So let ρ : P → ν/{±1} be
the bundle blow-up of ν/{±1} along the zero section 0(L) ⊂ ν/{±1}, using
the complex structure I on the fibres C2/{±1} to define the blow-up. Write
σ = π ◦ ρ : P → L. Then P is a smooth 7-manifold, and σ : P → L a smooth
map which is a bundle with fibre the Eguchi–Hanson space X .
Write Q = ρ−1(0(L)) ⊂ P for the preimage of the zero section in P , and
write inc : Q →֒ P for the inclusion, and Π = σ|Q : Q→ L. Then Q is a smooth
5-manifold, an embedded submanifold of P with embedding inc : Q →֒ P ,
and Π : Q → L is smooth and a fibre bundle with fibre CP1 the exceptional
divisor Y ⊂ X from §2.5. For each x ∈ L, write Px = σ−1(x) ⊂ P and
Qx = Π
−1(x) ⊂ Q for the fibres of σ : P → L and Π : Q → L over x,
respectively. Then Px is diffeomorphic to the Eguchi–Hanson space X , and
Qx ⊂ Px to the exceptional divisor Y ⊂ X .
As in §2.5, we have Y ∼= CP1 = P(C2), and there is a natural projection
π : X → Y which realizes X as the total space of the complex line bundle
T ∗Y → Y . Similarly, there is a natural projection π : P → Q with Π ◦ π = σ :
P → L, such that πx : Px → Qx is identified with π : X → Y on the fibres over
each x ∈ L. We summarize our work so far in the diagram
P ρ
//
σ
++❱❱❱❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
π

ν/{±1}
π

ν
π

̟
oo
Q = PC(ν)
inc
OO
Π // L
0
OO
L.
0
OO
Note that P,Q, ρ, σ, π,Π on the left hand side depend on the complex structure
I on the fibres of ν used to define the blow-up.
Remark 4.2. There is an equivalent way to define P,Q using principal bundles.
Corresponding to the rank 2 complex vector bundle (ν, I)→ L there is a natural
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GL(2,C)-principal bundle FGL(2,C) → L, where points of FGL(2,C) over x ∈ L
are isomorphisms (ν|x, I|x) ∼= (C2, i). Then we may write
P ∼= (FGL(2,C) ×X)/GL(2,C), Q ∼= (FGL(2,C) × Y )/GL(2,C), (4.3)
where GL(2,C) acts on X and Y in the natural ways, and on FGL(2,C) by the
principal bundle action. Equation (4.3) makes it clear that P,Q are bundles
over L with fibres X,Y , and that the bundle blow-up procedure is well defined.
If we also use the Hermitian metric hν on the fibres of (ν, I) we can instead
define a natural U(2)-principal bundle FU(2) → L, where points of FU(2) over
x ∈ L are isomorphisms (ν|x, I|x, hν |x) ∼= (C2, i, h0). Then as in (4.3) we have
natural diffeomorphisms
P ∼= (FU(2) ×X)/U(2), Q ∼= (FU(2) × Y )/U(2). (4.4)
This means that U(2)-invariant tensors on X , including the Eguchi–Hanson
metrics ha for a > 0 in §2.5, can be carried over to P . N
Remark 4.3. Note that ρ|P\Q : P \Q→ (ν/{±1}) \ 0(L) is a diffeomorphism,
since B|X\Y : X \ Y → (C2/{±1}) \ {0} is a diffeomorphism. Thus, if T is any
tensor on the total space of ν that is invariant under {±1}, it descends to T on
ν/{±1}, and then pulls back to a smooth tensor ρ|∗P\Q(T ) on P \Q.
However, as explained in Remark 2.9 for B : X → C2/{±1}, it is not
necessary that ρ|∗P\Q(T ) extends smoothly to a tensor on all P , although if it
does extend, the extension is unique, as P \Q is open and dense in P .
For example, the radius function r : ν → [0,∞) defined using hν is {±1}-
invariant, and so descends to r : ν/{±1} → [0,∞). We write
rˇ = r ◦ ρ : P → [0,∞)
for the radius function on P , so that Q = rˇ−1(0). In Remark 2.9 we explained
that although r2 : C2 → R and r2 : C2/{±1} → R are smooth (in the orbifold
sense), r2 : X → R is not smooth, but r4 : X → R is. As r4 : X → R is U(2)-
invariant, it follows from (4.4) that rˇ2 : P → R is not smooth, but rˇ4 : P → R
is smooth.
In what follows, we often define metrics, exterior forms, and tensors on P
by pullback along ρ|P\Q : P \Q → (ν/{±1}) \ 0(L), as above, but we must be
careful to justify that these extend smoothly from P \Q to P . N
4.2 Constructing a splitting TP ∼= V˘ ⊕ H˘
In §3.2 we chose a connection ∇˜ν on ν → L and defined a splitting Tν = V ⊕H
in (2.16), where V ∼= π∗(ν) and H ∼= π∗(TL). Similarly, we will need a splitting
TP ∼= V˘ ⊕ H˘ for the fibre bundle σ : P → L, where the vertical subbundle
V˘ = Ker(dσ : TP → σ∗(TL)) is the subbundle of TP whose fibre at a point
p is the tangent space at p ∈ Pσ(p) of the Eguchi–Hanson fibre Pσ(p) of P over
σ(p) ∈ L, and the horizontal subbundle H˘ has H˘ ∼= σ∗(TL).
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The splitting Tν = V ⊕H is {±1}-invariant, so it descends to T (ν/{±1}) =
V ⊕H . For compatibility with §3 we would like ρ : P → ν/{±1} to map V˘ , H˘
on P to V,H on ν/{±1} near infinity in P . This works for V˘ , V because ρ is
fibre-preserving and V˘ , V are canonical. However, we cannot simply define H˘
by pulling back H by ρ : P → ν/{±1}, since as in Remark 4.3, the resulting H˘
might not be smooth at Q ⊂ P .
As ρ : P → ν/{±1} was defined using the complex structure I on the fibres
of ν in §4.1, it is the case that the pullback of H on ν/{±1} to P \Q extends
smoothly over Q if ∇˜νI = 0. This is a consequence of the description of P in
(4.4). But ∇˜ν was determined uniquely in Lemma 3.7, so we are not free to
choose ∇˜ν with ∇˜νI = 0.
Choose another connection ∇ˇν on ν → L compatible with hν and I, so that
∇ˇνhν = ∇ˇνI = 0. This can always be done by general principal bundle theory,
and is not unique. Write ∇ˇν = ∇˜ν+Γ for Γ ∈ Γ∞(End(ν)⊗T ∗L). Then ∇˜ν+sΓ
for s ∈ [0, 1] is a 1-parameter family of connections interpolating between ∇˜ν at
s = 0, and ∇ˇν at s = 1. Choose a smooth function a : R→ R with a(r) = 1 for
r 6 12 , and a(r) ∈ (0, 1) for r ∈ (12 , 1), and a(r) = 0 for r > 1. Define a splitting
TP ∼= V˘ ⊕ H˘ by V˘ = Ker(dσ : TP → σ∗(TL)), and for p ∈ P \ Q, define H˘ |p
to be identified by dpρ : TpP → Tρ(p)(ν/{±1}) with the horizontal subspace of
the connection ∇˜ν + (a ◦ rˇ(p))Γ on ν at ρ(p) in ν/{±1}.
Then H˘ |p depends smoothly on p ∈ P \ Q, since a ◦ rˇ : P → R is smooth.
Where rˇ > 1 in P we have a ◦ rˇ = 0, so H˘ is defined using ∇˜ν , and coincides
with the pullback of H in §3.2 as we want. Where rˇ 6 12 in P we have a◦ rˇ = 1,
so H˘ is defined using ∇ˇν , and as ∇ˇνI = 0 we see that H˘ extends smoothly over
Q. Thus, we have defined a smooth splitting of vector bundles on P :
TP = V˘ ⊕ H˘, where V˘ |p = TpPσ(p) ⊂ TpP , p ∈ P , and H˘ ∼= σ∗(TL).
As in (3.12), this induces a splitting
ΛkT ∗P =
⊕
i+j=k, 06i64, 06j63
ΛiV˘ ∗ ⊗ ΛjH˘∗, (4.5)
and we call a k-form on P of type (i, j) if it lies in the factor ΛiV˘ ∗⊗ΛjH˘∗ in (4.5).
We write [α]i,j for the type (i, j) component of a k-form α, so α =
∑
i+j=k[α]i,j .
For each x ∈ L, the fibre Px of σ : P → L over x is isomorphic to the
Eguchi–Hanson space X , which is a complex surface, and V˘p = TpPx for p ∈ Px.
The complex structures on each Px induce a unique vector bundle isomorphism
I : V˘ → V˘ on P with I2 = −1.
Remark 4.4. We address here a subtle point. Recall that in TP = V˘ ⊕ H˘, the
vertical subbundle V˘ = Ker(dσ : TP → σ∗(TL)) is canonical, but the horizontal
subbundle H˘ depends on an arbitrary choice. However, in T ∗P = V˘ ∗⊕ H˘∗, the
factor H˘∗ is canonical, because it is the annihilator (V˘ )◦, and in addition H˘∗
is the pullback σ∗(T ∗L) of the cotangent bundle of L. But V˘ ∗ depends on a
choice, as it is (H˘)◦.
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Let x ∈ L, so that Px ⊂ P is the fibre of σ : P → L over x, a 4-submanifold
of P . Then (0, 1)-forms on P restrict to zero on Px, so (i, j)-forms for j > 0
restrict to zero on Px. If α is a k-form on P , then α =
∑
i+j=k[α]i,j implies that
[α]k,0|Px = α|Px in k-forms on Px. (4.6)
Here is the subtle point. Although [α]k,0 depends on the choice of H˘ , its
restriction [α]k,0|Px does not. In fact, [α]k,0 is independent of H˘ when considered
as a section of the vector bundle ΛkV˘ ∗ associated to V˘ = Ker(dσ : TP →
σ∗(TL)). But when considered as a k-form on P , it does depend on H˘ , as the
embedding ΛkV˘ ∗ →֒ ΛkT ∗P depends on H˘ . N
4.3 Defining some forms and tensors on P
In this section we define some forms and tensors on P that will be used to
construct G2-structures (ϕ
P
t , g
P
t ) in §4.4. Let fa : (0,∞) → R be the smooth
function in (2.15) such that fa(r) : C
2/{±1} → R is the Ka¨hler potential of
the Eguchi–Hanson space (X,ha), where fa depends smoothly on a ∈ (0,∞).
Let A : L → (0,∞) be the smooth function A(x) = |λx|gL from §4.1, so that
A ◦ σ : P → (0,∞) is smooth, and rˇ|P\Q : P \ Q → (0,∞) is smooth. Thus
fA◦σ(rˇ) : P \Q→ (0,∞) is a smooth function mapping p 7→ fA◦σ(p)(rˇ(p)). Note
that fA◦σ(p)(rˇ(p))→ −∞ as p→ Q in P , so fA◦σ(rˇ) does not extend smoothly
from P \Q to P .
Thus, d(fA◦σ(rˇ)) is a closed 1-form on P \Q, and we denote by [d(fA◦σ(rˇ))]1,0
its type (1,0)-component in V˘ ∗ ⊂ V˘ ∗ ⊕ H˘∗ = T ∗P . Applying the complex
structure I : V˘ → V˘ in §4.2 gives another type (1,0) 1-form I([d(fA◦σ(rˇ))]1,0)
on P \ Q, so we can take d of this, and divide into components of type (2,0),
(1,1), and (0,2), which we do to define 2-forms ωˇI , κ1,1, κ0,2 of types (2,0), (1,1),
(0,2) on P \Q ⊂ P as follows:
ωˇI = − 14
[
d
(
I([d(fA◦σ(rˇ))]1,0)
)]
2,0
= − 14 (A ◦ σ)
[
d
(
(A ◦ σ)−1I([d(fA◦σ(rˇ))]1,0)
)]
2,0
,
κ1,1 = − 14
[
d
(
(A ◦ σ)−1I([d(fA◦σ(rˇ))]1,0)
)]
1,1
,
κ0,2 = − 14
[
d
(
(A ◦ σ)−1I([d(fA◦σ(rˇ))]1,0)
)]
0,2
.
(4.7)
By (A ◦ σ)−1 we mean the smooth function P → (0,∞) given by
(A ◦ σ)−1(p) = [(A ◦ σ)(p)]−1 = 1
A(σ(p))
.
We can also write this as A−1 ◦ σ where A−1(x) = [A(x)]−1. The first two lines
of (4.7) are equal because d((A ◦ σ)−1) = σ∗(d(A−1)) is a 1-form of type (0,1),
and so makes no contribution to the type (2,0) component.
Remark 4.5. The motivation for defining ωˇI as we did in (4.7) comes from
(2.16). If one thinks of restricting to a fixed fibre Px of P , then since we take
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only vertical (fibre) derivatives in the definition of ωˇI it corresponds to the
hyperKa¨hler form ωIa on X
∼= Px in the domain X \ Y . We make this more
explicit at the end of this section. On the other hand, the forms κ1,1 and κ2,2
were defined as they were in (4.7) precisely so that
d
[
(A ◦ σ)−1ωˇI + κ1,1 + κ0,2
]
= 0, (4.8)
which is easy to see because (A ◦ σ)−1ωˇI + κ1,1 + κ0,2 is exact. N
We now use the crucial assumption that λ is closed and coclosed on L to
derive two important relations, namely (4.9) and (4.10), which will be used to
construct closed 3- and 4-forms on P in §4.4.
Since λ = Ae1 is a closed 1-form on L, taking the exterior product of (4.8)
with σ∗(λ) = (A ◦ σ)σ∗(e1), which is of type (0,1), implies that
d
[
σ∗(e1) ∧ ωˇI + σ∗(λ) ∧ κ1,1 + σ∗(λ) ∧ κ0,2
]
= 0, (4.9)
with σ∗(e1)∧ωˇI , σ∗(λ)∧κ1,1, σ∗(λ)∧κ0,2 of types (2,1), (1,2), (0,3), respectively.
Similarly, for e1, e2, e3 over L
′ ⊂ L as in §4.1, so that ∗λ = Ae2 ∧ e3 is a
closed 2-form on L, taking the exterior product of (4.8) with σ∗(∗λ) = (A ◦
σ)σ∗(e2) ∧ σ∗(e3), which is of type (0,2), implies that
d
[
σ∗(e2) ∧ σ∗(e3) ∧ ωˇI + σ∗(∗λ) ∧ κ1,1
]
= 0, (4.10)
on σ−1(L′) \Q, where σ∗(∗λ) ∧ κ0,2 = 0 automatically as it is a (0,4)-form.
We want to show that ωˇI , κ1,1, κ0,2 extend uniquely to smooth forms on all
of P . Combining equations (2.19) and (4.7) gives the alternative expressions
ωˇI=− 12 (A◦σ)
[
d
(
I([d(log rˇ)]1,0)
)]
2,0
− 14
[
d
(
I([d(HA◦σ(rˇ
4))]1,0)
)]
2,0
,
κ1,1=− 12
[
d
(
I([d(log rˇ)]1,0)
)]
1,1
− 14
[
d
(
(A◦σ)−1I([d(HA◦σ(rˇ4))]1,0)
)]
1,1
,
κ0,2=− 12
[
d
(
I([d(log rˇ)]1,0)
)]
0,2
− 14
[
d
(
(A◦σ)−1I([d(HA◦σ(rˇ4))]1,0)
)]
0,2
.
(4.11)
Recall that π : P → Q may be considered as a complex line bundle over Q. The
connection ∇ˇν on ν → L, which is compatible with hν and I, induces a U(1)-
connection on this line bundle π : P → Q, whose curvature is a closed 2-form
FQ on Q restricting to −2ωCP1 in (2.20) on each fibre Qx ∼= CP1 of Π : Q→ L.
Calculating in a local trivialization of (ν, I)→ L we can show that
π∗(FQ)|P\Q = d
(
I([d(log rˇ)]1,0)
)
where rˇ 6 12 on P \Q.
Here rˇ 6 12 is needed so that H˘ used to define [· · · ]1,0 comes from ∇ˇν .
Thus (4.11) implies that where rˇ 6 12 on P \Q we have
ωˇI = − 12 (A ◦ σ) · [π∗(FQ)]2,0 − 14
[
d
(
I([d(HA◦σ(rˇ
4))]1,0)
)]
2,0
,
κ1,1 = − 12 [π∗(FQ)]1,1 − 14
[
d
(
(A ◦ σ)−1 · I([d(HA◦σ(rˇ4))]1,0)
)]
1,1
,
κ0,2 = − 12 [π∗(FQ)]0,2 − 14
[
d
(
(A ◦ σ)−1 · I([d(HA◦σ(rˇ4))]1,0)
)]
0,2
.
(4.12)
34
Now each term on the right hand sides of (4.12) extends smoothly to P , since
π∗(FQ) is smooth on P and rˇ
4 : P → R is smooth as in Remark 4.3, so
HA◦σ(rˇ
4) : P → R is smooth. Therefore ωˇI , κ1,1, κ0,2 are defined as smooth
2-forms on P . Also (4.8)–(4.9) hold on all of P , by continuity, and (4.10) holds
on σ−1(L′).
We now make Remark 4.5 more explicit. Let x ∈ L. By restricting (4.7) to
Px, using (4.6) twice, and the fact that d commutes with pullbacks we find that
ωˇI |Px = − 14d
(
I(d(fA(x)(rˇ)|Px))
)
, (4.13)
where there are now no projections [· · · ]1,0, [· · · ]2,0, and we use A◦σ|Px ≡ A(x).
By construction, (Px, I|Px) is isomorphic as a complex surface to the Eguchi–
Hanson spaceX . By (4.4), this isomorphism is only canonical up to the action of
U(2) on X . Comparing (2.16) and (4.13) shows that this isomorphism Px ∼= X
identifies ωˇI |Px with the Ka¨hler form ωIA(x) of the hyperKa¨hler metric hA(x) on
X . Therefore if we define a section gˇ2,0 of S
2V˘ ∗ → P by
gˇ2,0(v, w) = ωˇ
I(v, Iw) for all v, w ∈ Γ∞(V˘ ) (4.14)
then gˇ2,0|Px is identified with the Eguchi–Hanson metric hA(x) on X by the
isomorphism Px ∼= X . That is, gˇ2,0 is a family of Eguchi–Hanson metrics on the
fibres Px of σ : P → L at x ∈ L .
4.4 A family of G2-structures (ϕ
P
t , g
P
t ) on P
Now return to our choice in §4.1 of open L′ ⊆ L, and oriented orthonormal
basis (e1, e2, e3) of 1-forms on L
′. Recall that in §4.1 we had defined λ = Ae1
for smooth A : L → (0,∞), and the data ωˆI , ωˆJ , ωˆK , I, J,K on L′. We will
show that the important structures we define are independent of the choices of
L′, e2, e3.
In §2.5 we noted that because B : X → C2/{±1} is a holomorphic blow-up,
and ωJ0 +iω
K
0 = dz1∧dz2 is a holomorphic (2, 0)-form on C2/{±1}, the pullback
ωJ+iωK := B∗(ωJ0 +iω
K
0 ) is a holomorphic, and hence smooth, complex 2-form
on X , so that ωJ = B∗(ωJ0 ) and ω
K = B∗(ωK0 ) are smooth. Similarly, there
are unique smooth sections ωˇJ , ωˇK of Λ2V˘ ∗ on σ−1(L′) ⊆ P , such that for each
x ∈ L′, under the identifications Λ2V˘ ∗|Px ∼= Λ2T ∗Px and Λ2T ∗(νx/{±1}) ∼=
π∗(Λ2ν∗x) we have ωˇ
J |Px ∼= ρ∗(π∗(ωˆJ |x)) and ωˇK |Px ∼= ρ∗(π∗(ωˆK |x)).
Thus, for each x ∈ L′, we have 2-forms ωˇI |Px , ωˇJ |Px , ωˇK |Px on Px which are
identified with the 2-forms ωIA(x), ω
J , ωK on the Eguchi–Hanson space X in §2.5
by the isomorphism Px ∼= X . We have
ωIA(x) ∧ ωIA(x) = ωJ ∧ ωJ = ωK ∧ ωK
on X by properties of hyperKa¨hler manifolds. Thus we deduce that
ωˇI ∧ ωˇI = ωˇJ ∧ ωˇJ = ωˇK ∧ ωˇK in Λ4V˘ ∗ on σ−1(L′) ⊆ P . (4.15)
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Let δ denote the dilation vector field on C2/{±1}. Since the closed form
ωJ0 + iω
K
0 = dz1∧dz2 is homogeneous of order 2 under dilations, we deduce that
on C2/{±1} we have
ωJ0 + iω
K
0 =
1
2Lδ(ωJ0 + iωK0 ) = 12d[δ · ωJ0 + iδ · ωK0 ]. (4.16)
In complex coordinates, δ = zk∂zk+ z¯k∂z¯k . Hence δ ·ωJ0 +iδ ·ωK0 = z1dz2−z2dz1
is a holomorphic (1,0)-form on C2/{±1}, so that B∗(δ · ωJ0 + iδ · ωK0 ) is a
holomorphic (and hence smooth) 1-form on X . Thus there are unique smooth
sections µJ , µK of V˘ ∗ on σ−1(L′) ⊆ P , such that for each x ∈ L′, under the
identifications Λ2V˘ ∗|Px ∼= Λ2T ∗Px and Λ2T ∗(νx/{±1}) ∼= π∗(Λ2ν∗x) we have
µJ |Px ∼= 12ρ∗(δ · π∗(ωˆJ |x)) and µK |Px ∼= 12ρ∗(δ · π∗(ωˆK |x)). Pulling back (4.16)
to Px gives
ωˇJ |Px = d(µJ |Px) and ωˇK |Px = d(µK |Px). (4.17)
Now using (4.6) and the fact that restriction of 2-forms in Λ2V˘ ∗ ⊂ Λ2T ∗P to
Px is an isomorphism Λ
2V˘ ∗|Px → Λ2T ∗Px, we see that (4.17) implies
ωˇJ = [dµJ ]2,0 and ωˇ
K = [dµK ]2,0 on σ
−1(L′) ⊆ P . (4.18)
On C2/{±1} we have ωJ0 ∧ ωJ0 = ωK0 ∧ ωK0 , so contracting with δ implies
that (δ · ωJ0 )∧ ωJ0 = (δ · ωK0 )∧ ωK0 . Pulling this equation back to σ−1(L′) as for
ωˇJ , ωˇK , µJ , µK implies that
µJ ∧ ωˇJ = µK ∧ ωˇK . (4.19)
Finally, on C2/{±1} we also have d[(δ ·ωJ0 )∧ ωJ0 ] = 2ωJ0 ∧ωJ0 , so arguing as for
(4.18), using (4.15) and (4.19) we deduce that on σ−1(L′) we have
[d(µJ ∧ ωˇJ)]4,0 = [d(µK ∧ ωˇK)]4,0 = ωˇI ∧ ωˇI = ωˇJ ∧ ωˇJ = ωˇK ∧ ωˇK . (4.20)
Recall we defined gˇ2,0 in (4.14). Now we define a tensor gˇ0,2 in S
2V˘ ∗ ⊂
S2T ∗P and exterior forms ϕˇ0,3, . . . , θ2,2 on σ
−1(L′) ⊂ P , where subscripts
(· · · )i,j indicate a form of type (i, j), as follows. The motivation for the defini-
tions will be apparent when we derive (4.22) after the definitions. We define:
gˇ0,2 = σ
∗(e1)
2 + σ∗(e2)
2 + σ∗(e3)
2,
ϕˇ0,3 = σ
∗(e1) ∧ σ∗(e2) ∧ σ∗(e3) = σ∗(volL),
ϕˇ2,1 = −σ∗(e1) ∧ ωˇI − σ∗(e2) ∧ ωˇJ − σ∗(e3) ∧ ωˇK ,
ψˇ2,2 = −σ∗(e2) ∧ σ∗(e3) ∧ ωˇI − σ∗(e3) ∧ σ∗(e1) ∧ ωˇJ − σ∗(e1) ∧ σ∗(e2) ∧ ωˇK ,
ψˇ4,0 =
1
2 ωˇ
I ∧ ωˇI = 12 ωˇJ ∧ ωˇJ = 12 ωˇK ∧ ωˇK ,
ξ1,2 = −σ∗(λ) ∧ κ1,1 + [d(σ∗(e2) ∧ µJ + σ∗(e3) ∧ µK)]1,2,
(4.21)
ξ0,3 = −σ∗(λ) ∧ κ0,2 + [d(σ∗(e2) ∧ µJ + σ∗(e3) ∧ µK)]0,3
χ1,3 = −σ∗(∗λ) ∧ κ1,1 − [d(σ∗(e3) ∧ σ∗(e1) ∧ µJ + σ∗(e1) ∧ σ∗(e2) ∧ µK)]1,3,
θ3,1 =
1
2 [d(µ
J ∧ ωˇJ)]3,1 = 12 [d(µK ∧ ωˇK)]3,1,
θ2,2 =
1
2 [d(µ
J ∧ ωˇJ)]2,2 = 12 [d(µK ∧ ωˇK)]2,2.
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Here the alternate expressions for ψˇ4,0, θ3,1, θ2,2 come from (4.15) and (4.19).
Using equations (4.9), (4.10), (4.18), (4.20), (4.21) and d volL = 0 we claim that
dϕˇ0,3 = 0, d
[
ϕˇ2,1 + ξ1,2 + ξ0,3
]
= 0,
d
[
ψˇ2,2 + χ1,3
]
= 0, d
[
ψˇ4,0 + θ3,1 + θ2,2
]
= 0.
(4.22)
The first equation in (4.22) is obvious. We will derive the second equation.
First, we write
ξ1,2 + ξ0,3 = −σ∗(λ) ∧ (κ1,1 + κ0,2) + d(σ∗(e2) ∧ µJ + σ∗(e3) ∧ µK)
− [d(σ∗(e2) ∧ µJ + σ∗(e3) ∧ µK)]2,1
= −σ∗(λ) ∧ (κ1,1 + κ0,2) + d(· · · ) + σ∗(e2) ∧ ωˇJ + σ∗(e3) ∧ ωˇK ,
using (4.18) in the last step. Thus we find
d(ϕˇ2,1 + ξ1,2 + ξ0,3) = −d(σ∗(λ) ∧ (κ1,1 + κ0,2) + σ∗(e1) ∧ ωˇI) = 0
by (4.9). The remaining two equations in (4.22) are proved similarly.
As in §4.1, we are working with an arbitrary choice of e2, e3 on an open
L′ ⊆ L with (e1, e2, e3) an oriented orthonormal basis of T ∗L′. If e′2, e′3 are
alternative choices for e2, e3 then e
′
2 = cosφ e2+sinφ e3, e
′
3 = − sinφ e2+cosφ e3
for some smooth φ : L′ → R/2πZ. Equation (4.2) expresses the corresponding
ωˆ′I , ωˆ′J , ωˆ′K , I ′, J ′,K ′ in terms of ωˆ′I , ωˆ′J , ωˆ′K , I ′, J ′,K ′. From the definitions
of ωˇJ , ωˇK , µJ , µK above, we see that they transform by
ωˇ′J = cosφ ωˇJ + sinφ ωˇK , ωˇ′K = − sinφ ωˇJ + cosφ ωˇK ,
µ′J = cosφµJ + sinφµK , µ′K = − sinφµJ + cosφµK .
We can now check that all of gˇ0,2, . . . , θ2,2 in (4.21) are independent of the choice
of e2, e3. Thus by covering L by open L
′ ⊆ L on which such a basis (e1, e2, e3)
exists, we construct global gˇ0,2, . . . , θ2,2 on all of P satisfying (4.21) over each
L′ in the cover. Then (4.22) holds over each L′ in the cover, so (4.22) holds
on P .
In a similar way to (3.22), for all t > 0 define a 3-form ϕPt , 4-form ψ
P
t and
metric gPt on P by
ϕPt = ϕˇ0,3 + t
2ϕˇ2,1, ψ
P
t = t
2ψˇ2,2 + t
4ψˇ4,0, g
P
t = gˇ0,2 + t
2gˇ2,0. (4.23)
Then over σ−1(L′) as above, by (4.21) we have
ϕPt = σ
∗(e1)∧σ∗(e2)∧σ∗(e3)−t2σ∗(e1)∧ωˇI−t2σ∗(e2)∧ωˇJ−t2σ∗(e3)∧ωˇK ,
ψPt =
1
2 t
4ωˇI ∧ ωˇI − t2σ∗(e2) ∧ σ∗(e3) ∧ ωˇI
− t2σ∗(e3) ∧ σ∗(e1) ∧ ωˇJ − t2σ∗(e1) ∧ σ∗(e2) ∧ ωˇK ,
gPt = σ
∗(e1)
2 + σ∗(e2)
2 + σ∗(e3)
2 + t2gˇ2,0.
Comparing these with (2.22) and noting that on the fibres Px of σ : P → L, the
ωˇI , ωˇJ , ωˇK , gˇ2,0 correspond to ωˆ
I
A(x), ωˆ
J , ωˆK , hA(x) on the Eguchi–Hanson space
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X , we see that (ϕPt , g
P
t ) is a G2-structure on P , with 4-form ψ
P
t = Θ(ϕ
P
t ) =
∗gPt ϕPt .
Finally, we define on P the following forms:
ϕ˜Pt = ϕ
P
t + t
2ξ1,2 + t
2ξ0,3, ψ˜
P
t = ψ
P
t + t
2χ1,3 + t
4θ3,1 + t
4θ2,2. (4.24)
Using equations (4.22) and (4.23) we find that ϕ˜Pt , ψ˜
P
t are closed forms. How-
ever, we emphasize that Θ(ϕ˜Pt ) 6= ψ˜Pt .
4.5 Comparing ϕPt , ψ
P
t , ϕ˜
P
t , ψ˜
P
t and ϕ
ν
t , ψ
ν
t , ϕ˜
ν
t , ψ˜
ν
t
In §3.3–§3.4 we defined a G2-structure (ϕνt , gνt ) with 4-form ψνt = ∗gνt ϕνt on ν
for t > 0, and closed 3- and 4-forms ϕ˜νt = ϕ
ν
t + t
2 ˙˙ϕ˙20,3 and ψ˜
ν
t = ψ
ν
t + t
4 ˙˙ψ˙42,2
on ν. These are all invariant under {±1}, and so they descend to ν/{±1}.
In §4.4 we defined a G2-structure (ϕPt , gPt ) with 4-form ψPt = ∗gPt ϕPt on P
for t > 0, and closed 3- and 4-forms ϕ˜Pt = ϕ
P
t + t
2ξ1,2 + t
2ξ0,3 and ψ˜
P
t =
ψPt + t
2χ1,3 + t
4θ3,1 + t
4θ2,2 on P . We will now compare ϕ
P
t , ψ
P
t , ϕ˜
P
t , ψ˜
P
t with
the pullbacks of ϕνt , ψ
ν
t , ϕ˜
ν
t , ψ˜
ν
t by ρ : P → ν/{±1} on the region rˇ > 1 in P ,
where the connections are compatible.
By the definition of ρ in §4.1, the following map is a diffeomorphism:
ρ|rˇ>1 :
{
p ∈ P : rˇ(p) > 1} −→ {z ∈ ν/{±1} : r(z) > 1}. (4.25)
We have splittings T (ν/{±1}) = V ⊕H from §3.2 and TP = V˘ ⊕ H˘ from §4.2.
Here H is defined using a connection ∇˜ν on ν, and H˘ is also defined using ∇˜ν
in the region rˇ > 1. Therefore (4.25) identifies V˘ , H˘ with V,H .
As in §4.1, work with an oriented orthonormal basis (e1, e2, e3) of 1-forms
on L′ ⊆ L. Then in forms on ν/{±1} we have
ϕ00,3 = π
∗(e1) ∧ π∗(e2) ∧ π∗(e3) = π∗(volL),
ϕ˙22,1 = −π∗(e1) ∧ ωˆI − π∗(e2) ∧ ωˆJ − π∗(e3) ∧ ωˆK ,
ψ˙22,2 = −π∗(e2) ∧ π∗(e3) ∧ ωˆI − π∗(e3) ∧ π∗(e1) ∧ ωˆJ − π∗(e1) ∧ π∗(e2) ∧ ωˆK ,
ψ˙44,0 =
1
2 ωˆ
I ∧ ωˆI = 12 ωˆJ ∧ ωˆJ = 12 ωˆK ∧ ωˆK . (4.26)
In forms on
{
p ∈ P : rˇ(p) > 1} we claim that
ωˇI = ρ|∗rˇ>1(ωˆI)− 14
[
d
(
I([d(GA◦σ(rˇ))]1,0)
)]
2,0
,
ωˇJ = ρ|∗rˇ>1(ωˆJ ), ωˇK = ρ|∗rˇ>1(ωˆK), σ∗(ei) = ρ|∗rˇ>1(π∗(ei)).
(4.27)
Here Ga(r) = fa(r) − r2 as in (2.17). The first equation of (4.27) follows from
(2.17), (4.13), and ωˆI = − 14
[
d
(
I([d(r2)]1,0
)]
2,0. The second and third equations
follow from the definitions of ωˇJ , ωˇK and ρ∗(V ∗) = V˘ ∗ ⊂ T ∗P where rˇ > 1 in
P . The fourth equation holds as σ = π ◦ ρ.
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Now define a 2-form τ1,1 of type (1, 1) and a 3-form υ1,2 of type (1, 2) on the
open subset of P where rˇ > 1 by
τ1,1 = − 14 (A ◦ σ)−1σ∗(λ) ∧ I([d(GA◦σ(rˇ))]1,0),
υ1,2 =
1
4 (A ◦ σ)−1σ∗(∗λ) ∧ I([d(GA◦σ(rˇ))]1,0).
(4.28)
Combining equations (4.21), (4.26), (4.27), and (4.28) one finds that
ϕˇ0,3|rˇ>1 = ρ|∗rˇ>1(ϕ00,3),
ϕˇ2,1|rˇ>1 = ρ|∗rˇ>1(ϕ˙22,1) + [dτ1,1]2,1,
ψˇ2,2|rˇ>1 = ρ|∗rˇ>1(ψ˙22,2) + [dυ1,2]2,2,
ψˇ4,0|rˇ>1 = ρ|∗rˇ>1(ψ˙44,0),
(4.29)
and consequently from (3.22) and (4.23) we obtain
ϕPt |rˇ>1 = ρ|∗rˇ>1(ϕνt ) + t2[dτ1,1]2,1, ψPt |rˇ>1 = ρ|∗rˇ>1(ψνt ) + t2[dυ1,2]2,2. (4.30)
Similarly, working with an oriented orthonormal basis (e1, e2, e3) on L
′ ⊆ L
as in §4.1, from the definitions and equations above we can show that
ϕ˜Pt |rˇ>1 = ϕˇ0,3−t2d
[
σ∗(e1) ∧ I[d(14fA◦σ(rˇ2))]1,0−σ∗(e2)∧µJ−σ∗(e3)∧µK
]
,
ρ|∗rˇ>1(ϕ˜νt ) = ϕˇ0,3 − t2d
[
σ∗(e1) ∧ I[ 14d(rˇ2)]1,0 − σ∗(e2) ∧ µJ − σ∗(e3) ∧ µK
]
,
ψ˜Pt |rˇ>1 = d
[
t4(12µ
J ∧ ωˇJ) + t2(σ∗(e2 ∧ e3) ∧ I[ 14d(fA◦σ(rˇ2))]1,0
− σ∗(e3 ∧ e1) ∧ µJ − σ∗(e1 ∧ e2) ∧ µK
)]
,
(4.31)
ρ|∗rˇ>1(ψ˜νt ) = d
[
t4(12µ
J ∧ ωˇJ) + t2(σ∗(e2 ∧ e3) ∧ I[ 14d(rˇ2)]1,0
− σ∗(e3 ∧ e1) ∧ µJ − σ∗(e1 ∧ e2) ∧ µK
)]
.
Combining (A◦σ)−1σ∗(λ) = e1, (A◦σ)−1σ∗(∗λ) = e2∧e3 and equations (2.17),
(4.28), and (4.31), we see that
ϕ˜Pt |rˇ>1 = ρ|∗rˇ>1(ϕ˜νt ) + t2dτ1,1, ψ˜Pt |rˇ>1 = ρ|∗rˇ>1(ψ˜νt ) + t2dυ1,2. (4.32)
In the region rˇ > 1, from Corollary 3.9, equations (4.24), (4.29), (4.30), (4.32),
and the fact that ρ|rˇ>1 takes V˘ , H˘ to V,H , we see that
ξ1,2|rˇ>1 = [dτ1,1]1,2, ξ0,3|rˇ>1 = ρ|∗rˇ>1(˙˙ϕ˙20,3) + [dτ1,1]0,3,
χ1,3|rˇ>1 = [dυ1,2]1,3, θ3,1|rˇ>1 = 0, θ2,2|rˇ>1 = ρ|∗rˇ>1(˙˙ψ˙42,2).
(4.33)
Using (2.18) and (4.28) we can show that where rˇ > 1 on P we have∣∣∇k(t2τ1,1)∣∣gPt = O(t1−k rˇ−3−k), ∣∣∇k(t2υ1,2)∣∣gPt = O(t1−k rˇ−3−k),∣∣∇k(t2[dτ1,1]i,3−i)∣∣gPt = O(t2−i−k rˇ−2−i−k),∣∣∇k(t2[dυ1,2]i,4−i)∣∣gPt = O(t2−i−k rˇ−2−i−k),
(4.34)
for all i = 0, 1, 2 and k = 0, 1, . . . , where ∇ is the Levi-Civita connection
of gPt . Thus, (4.30) and (4.32) imply that ϕ
P
t , ψ
P
t , ϕ˜
P
t , ψ˜
P
t are asymptotic to
ρ∗(ϕνt ), ρ
∗(ψνt ), ρ
∗(ϕ˜νt ), ρ
∗(ψ˜νt ) as rˇ→∞ in P .
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4.6 Estimating the torsion of (ϕPt , g
P
t )
Just as for (ϕνt , g
ν
t ) in the discussion after Corollary 3.9, we have constructed
a G2-structure (ϕ
P
t , g
P
t ) on P with 4-form ψ
P
t = ∗gPt ϕPt . To apply Theorem
2.7 in §6, we will need (ϕPt , gPt ) to have small torsion, in an appropriate sense.
If dϕPt = 0 and dψ
P
t = 0 then (ϕ
P
t , g
P
t ) would be torsion-free, by Theorem
2.2. In general dϕPt 6= 0 and dψPt 6= 0, but as dϕ˜Pt = 0 and dψ˜Pt = 0 with
ϕ˜Pt = ϕ
P
t + t
2ξ1,2 + t
2ξ0,3 and ψ˜
P
t = ψ
P
t + t
2χ1,3 + t
4θ3,1 + t
4θ2,2 by (4.24), we
can regard |t2ξ1,2|gPt , |t2ξ0,3|gPt , |t2χ1,3|gPt , |t4θ3,1|gPt , |t4θ2,2|gPt as measuring the
torsion of (ϕPt , g
P
t ). Thus, the next proposition estimates the torsion of (ϕ
P
t , g
P
t ).
Proposition 4.6. In the situation of §4.4, for all k = 0, 1, . . . we have
∣∣∇k(t2ξ1,2)∣∣gPt =
{
O(t1−k), rˇ 6 1,
O(t1−k rˇ−3−k), rˇ > 1,
(4.35)
∣∣∇k(t2ξ0,3)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ2−k), rˇ > 1,
(4.36)
∣∣∇k(t2χ1,3)∣∣gPt =
{
O(t1−k), rˇ 6 1,
O(t1−k rˇ−3−k), rˇ > 1,
(4.37)
∣∣∇k(t4θ3,1)∣∣gPt =
{
O(t1−k), rˇ 6 1,
0, rˇ > 1,
(4.38)
∣∣∇k(t4θ2,2)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ2−k), rˇ > 1.
(4.39)
Proof. The rˇ 6 1 estimates hold because if αi,j is a form or tensor of type (i, j)
on P then |αi,j |gPt = O(t−i) on the compact region rˇ 6 1 in P , by the definition
(4.23) of gPt . The rˇ > 1 estimates follow from (4.33)–(4.34) and the estimates
|∇k(t2 ˙˙ϕ˙20,3)|gPt = O(t2−k rˇ2−k) and |∇k(t4 ˙˙ψ˙42,2)|gPt = O(t2−k rˇ2−k), which both
follow from Corollary 3.9.
5 Correcting for the leading-order errors on P
5.1 The correction theorem
Our goal in §6 is to glue together the G2-structures (ϕ, g) onM/〈ι〉, and (ϕ˜νt , g˜νt )
on ν/{±1}, and (ϕ˜Pt , g˜Pt ) on P , to get a closed G2-structure (ϕNt , gNt ) with
small torsion on a compact 7-manifold N , and then apply Theorem 2.7 to show
that (ϕNt , g
N
t ) has a small deformation to a torsion-free G2-structure on N for
small t. To do this we must ensure that the 4-form Θ(ϕNt ) − ψNt which is
a substitute for the torsion of (ϕNt , g
N
t ) satisfies several estimates, including
‖Θ(ϕNt )− ψNt ‖L2 6 Kt
7
2
+α for α,K > 0.
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Now in Proposition 4.6, the bounds for |t2ξ0,3|gPt , |t4θ2,2|gPt will contribute
O(t4) to ‖Θ(ϕNt ) − ψNt ‖L2, which is good, as 4 > 72 . However, the bounds
for |t2ξ1,2|gPt , |t2χ1,3|gPt , |t4θ3,1|gPt would contribute O(t3) to ‖Θ(ϕNt )− ψNt ‖L2 ,
which is bad, as the error is too large to apply Theorem 2.7. In Theorem 5.1 we
construct forms on P which will be used in §6 to cancel out the leading-order
error terms in t2ξ1,2, t
2χ1,3, t
4θ3,1, and so make ‖Θ(ϕNt )− ψNt ‖L2 small enough
to apply Theorem 2.7.
Theorem 5.1. There exist 2-forms α0,2, α2,0 and 3-forms β0,3, β2,1 on P, where
αi,j , βi,j are of type (i, j), satisfying for all t > 0 the equation
(DϕPt Θ)
(
t2[dα0,2]1,2 + t
4[dα2,0]3,0 + t
2ξ1,2
)
= t2dβ0,3 + t
4[dβ2,1]3,1 + t
2χ1,3 + t
4θ3,1.
(5.1)
Note that in (5.1) we have dβ0,3 = [dβ0,3]1,3 automatically, so all the derivatives
in (5.1) are in fact vertical (fibre) derivatives. Moreover, for γ > 0 sufficiently
small and for all k ≥ 0, these forms satisfy the following estimates:
∣∣∇k(t2α0,2)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ−2−k+γ), rˇ > 1,
(5.2)
∣∣∇k(t2[dα0,2]i,3−i)∣∣gPt =
{
O(t2−i−k), rˇ 6 1, i = 0, 1,
O(t2−i−k rˇ−2−i−k+γ), rˇ > 1, i = 0, 1,
(5.3)
∣∣∇k(t4α2,0)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ−2−k+γ), rˇ > 1,
(5.4)
∣∣∇k(t4[dα2,0]i,3−i)∣∣gPt =
{
O(t4−i−k), rˇ 6 1, i = 1, 2, 3,
O(t4−i−k rˇ−i−k+γ), rˇ > 1, i = 1, 2, 3,
(5.5)
∣∣∇k(t2β0,3)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ−2−k+γ), rˇ > 1,
(5.6)
∣∣∇k(t4β2,1)∣∣gPt =
{
O(t2−k), rˇ 6 1,
O(t2−k rˇ−2−k+γ), rˇ > 1,
(5.7)
∣∣∇k(t4[dβ2,1]i,j)∣∣gPt =
{
O(t4−i−k), rˇ 6 1, i = 1, 2, 3,
O(t4−i−k rˇ−i−k+γ), rˇ > 1, i = 1, 2, 3,
(5.8)
If we take α2,0 and β2,1 to be self-dual in the fibre directions, that is, α2,0 ∈
Γ∞(Λ2+V
∗) and β2,1 ∈ Γ∞(Λ2+V ∗ ⊗H∗), then α0,2, α2,0, β0,3, β2,1 are unique.
The remainder of §5 is taken up with the proof of Theorem 5.1. In §5.2
we establish several preliminary results needed for the proof. In §5.3 we collect
various facts about analysis on the Eguchi–Hanson fibres. Finally, in §5.4 we
complete the proof of Theorem 5.1 in three steps.
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5.2 Preliminary results needed for the correction theorem
In this section we collect several preliminary results that will be used to prove
Theorem 5.1, including several results that use properties of G2-structures.
As in §4.1, we make an arbitrary choice of e2, e3 on an open L′ ⊆ L with
(e1, e2, e3) an oriented orthonormal basis of T
∗L′. All our computations in this
section will be independent of this choice. We now introduce some notation that
will be used only within §5, to simplify our expressions. First, we will abuse
notation and write ek for σ
∗(ek), thinking of ek as a horizontal 1-form on P over
L′. Moreover, over L′, a vertical k-form on P can be thought of as a k-form on
X smoothly parametrized by x ∈ L′.
We will use dX , d
∗
X
, ∗X, gX, and volX to denote the exterior derivative, its
formal adjoint, the Hodge star, the metric, and the volume form on the fibre
Px ∼= X over x ∈ L′. Note that dX = d1,0 is the (1, 0) part of d. That is,
dX is the exterior derivative in the vertical (fibre) direction. We have ∗2X =
(−1)k on Ωk(Px) and d∗X = − ∗XdX ∗X on Ω•(Px). Finally, we will denote the
hyperKa¨hler forms ωˇI , ωˇJ , ωˇK by ω1, ω2, ω3, respectively, and their associated
complex structures I, J,K, by J1, J2, J3. More precisely, the forms ω1, ω2, and
ω3 are a hyperKa¨hler triple on Px ∼= X for each x ∈ L′. Recall from (2.8) that
J1J2 = −J3 = −J2J1 on 1-forms, and cyclic permutations of this.
Lemma 5.2. Let α ∈ Ω1(Px) and γ ∈ Ω3(Px). Then we have
ωi ∧ (∗XdXα) = −
(
d∗
X
(Jiα)
)
volX , ∗X(dXγ) = d∗X(∗Xγ). (5.9)
Moreover, if f is any function, then d∗
X
(JkdXf) = 0.
Proof. The second equation is immediate from ∗2
X
= −1 on 3-forms and d∗
X
=
− ∗XdX ∗X. For the first equation, using ∗Xωi = ωi and dXωi = 0, and (2.12)
we compute
ωi ∧ (∗XdXα) = (dXα) ∧ (∗Xωi) = (dXα) ∧ ωi = dX(α ∧ ωi)
= −dX(∗X ∗X (α ∧ ωi)) = dX ∗X (Jiα) = ∗X(∗XdX∗X)(Jiα)
= − ∗X
(
d∗
X
(Jiα)
)
= −(d∗
X
(Jiα)
)
volX
as claimed. Finally, from (5.9), for any function f we have −d∗
X
(JkdXf)∧volX =
ωk ∧ ∗X(d2Xf) = 0, so d∗X(JkdXf) = 0.
Consider now the G2-structure (ϕ
P
t , g
P
t ) of (4.23). In the remainder of §5
we will drop the superscript P for simplicity. Thus we write
ϕt = e1 ∧ e2 ∧ e3 − t2(ω1 ∧ e1 + ω2 ∧ e2 + ω3 ∧ e3),
ψt = t
4 volX −t2(ω1 ∧ e2 ∧ e3 + ω2 ∧ e3 ∧ e1 + ω3 ∧ e1 ∧ e2),
gt = (e1)
2 + (e2)
2 + (e3)
2 + t2gX.
(5.10)
At a point in P lying over x ∈ L′, the metric gPt is the Riemannian product of the
flat metric on R3 ∼= span{e1, e2, e3} with the metric gX. Let ∗t and volt denote
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the Hodge star and volume form of (ϕt, gt). From volt = t
4e1 ∧ e2 ∧ e3 ∧ volX it
is easy to deduce that
∗t (α ∧ β) = (−1)klt4−2k(∗Xα) ∧ (∗R3β) when α is a vertical k-formand β is an l-form on R3. (5.11)
Recall that in §4.4 we defined a closed 3-form ϕ˜Pt and a closed 4-form ψ˜Pt by
ϕ˜Pt = ϕt + t
2ξ1,2 + t
2ξ0,3, ψ˜
P
t = ψt + t
2χ1,3 + t
4θ3,1 + t
4θ2,2. (5.12)
Consider the forms ξ1,2, χ1,3, and θ3,1, of equation (5.12). With respect to
the local frame (e1, e2, e3) we write
ξ1,2 = ξ1 ∧ e2 ∧ e3 + ξ2 ∧ e3 ∧ e1 + ξ3 ∧ e1 ∧ e2,
χ1,3 = χ ∧ e1 ∧ e2 ∧ e3,
θ3,1 = θ1 ∧ e1 + θ2 ∧ e2 + θ3 ∧ e3,
(5.13)
where ξ1, ξ2, ξ3, χ are vertical 1-forms, and θ1, θ2, θ3 are vertical 3-forms. Over
the open set L′, they can thus be viewed as forms on X smoothly parametrized
by x ∈ L′. In this section we will write [(p, q)] for a form of type (p, q) whose ex-
plicit expression will turn out to be irrelevant for us. Taking d of the expressions
in (5.13), we have
dξ1,2 = (dXξ1) ∧ e2 ∧ e3 + (dXξ2) ∧ e3 ∧ e1 + (dXξ3) ∧ e1 ∧ e2︸ ︷︷ ︸
type (2,2)
+[(1, 3)],
dχ1,3 = (dXχ) ∧ e1 ∧ e2 ∧ e3︸ ︷︷ ︸
type (2,3)
,
dθ3,1 = (dXθ1) ∧ e1 + (dXθ2) ∧ e2 + (dXθ3) ∧ e3︸ ︷︷ ︸
type (4,1)
+[(3, 2)] + [(2, 3)].
(5.14)
Proposition 5.3. The forms ξ1, ξ2, ξ3, χ, θ1, θ2, θ3 satisfy the following three
relations:
d∗
X
(∗Xθ1) + d∗X(J1χ) = d∗X(J2ξ3)− d∗X(J3ξ2),
d∗
X
(∗Xθ2) + d∗X(J2χ) = d∗X(J3ξ1)− d∗X(J1ξ3),
d∗
X
(∗Xθ3) + d∗X(J3χ) = d∗X(J1ξ2)− d∗X(J2ξ1).
(5.15)
Proof. We have ψt = ∗tϕt = Θ(ϕt), and therefore the pair (ϕt, ψt) satisfies the
fundamental relation
ϕt ∧ (∗tdϕt) = ψt ∧ (∗tdψt). (5.16)
Equation (5.16) is satisfied by any pair (ϕ, ψ) ∈ Ω3+ ⊕ Ω4+ with ψ = Θ(ϕ),
and is a characterization of the fact that the components π7(dϕ) and π7(dψ)
of the torsion that are 7-dimensional can be identified by a G2-equivariant iso-
morphism. A proof of (5.16) can be found in [22, Theorem 2.23]. (Note that
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even though [22] uses the opposite orientation convention, the identity (5.16) is
independent of the choice of orientation convention.) We will show that (5.16)
implies the three equations in (5.15).
Since ϕ˜Pt and ψ˜
P
t are both closed, taking d of both expressions in (5.12) and
substituting (5.14) gives
dϕt = −t2dξ1,2 − t2dξ0,3
= −t2 ((dXξ1) ∧ e2 ∧ e3 + (dXξ2) ∧ e3 ∧ e1 + (dXξ3) ∧ e1 ∧ e2)︸ ︷︷ ︸
type (2,2)
+t2[(1, 3)]
and
dψt = −t2dχ1,3 − t4θ3,1 − t4θ2,2
= −t2 ((dXχ) ∧ e1 ∧ e2 ∧ e3)︸ ︷︷ ︸
type (2,3)
−t4 ((dXθ1) ∧ e1 + (dXθ2) ∧ e2 + (dXθ3) ∧ e3)︸ ︷︷ ︸
type (4,1)
+ t4[(3, 2)] + t4[(2, 3)].
Applying ∗t to both expressions and using (5.11) yields
∗t(dϕt) = −t2
(
(∗XdXξ1) ∧ e1 + (∗XdXξ2) ∧ e2 + (∗XdXξ3) ∧ e3
)︸ ︷︷ ︸
type (2,1)
+t4[(3, 0)],
∗t(dψt) = −
(
(∗XdXθ1) ∧ e2 ∧ e3 + (∗XdXθ2) ∧ e3 ∧ e1 + (∗XdXθ3) ∧ e1 ∧ e2
)︸ ︷︷ ︸
type (0,2)
− t2 (∗XdXχ)︸ ︷︷ ︸
type (2,0)
+t2[(1, 1)] + t4[(2, 0)].
Computing ϕt∧(∗tdϕt) and ψt∧(∗tdψt) using (5.10) and keeping track of types,
we find
ϕt ∧ (∗tdϕt) = t4
( 3∑
i,j=1
ωi ∧ (∗XdXξj) ∧ ei ∧ ej
)
︸ ︷︷ ︸
type (4,2)
+t4[(3, 3)],
ψt ∧ (∗tdψt) = −t4
( ∑
i,j,k
cyclic
(∗XdXθk) ∧ volX ∧ei ∧ ej
)
︸ ︷︷ ︸
type (4,2)
+ t4
( ∑
i,j,k
cyclic
(∗XdXχ) ∧ ωk ∧ ei ∧ ej
)
︸ ︷︷ ︸
type (4,2)
+t6[(4, 2)] + t4[(3, 3)].
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Equating the terms of the form t4[(4, 2)] above, the fundamental relation (5.16)
yields the three equations
ω2 ∧ (∗XdXξ3)− ω3 ∧ (∗XdXξ2) = −(∗XdXθ1) ∧ volX +(∗XdXχ) ∧ ω1,
ω3 ∧ (∗XdXξ1)− ω1 ∧ (∗XdXξ3) = −(∗XdXθ2) ∧ volX +(∗XdXχ) ∧ ω2,
ω1 ∧ (∗XdXξ2)− ω2 ∧ (∗XdXξ1) = −(∗XdXθ3) ∧ volX +(∗XdXχ) ∧ ω3.
Applying (5.9) now gives (5.15) as claimed.
We will also need explicit formulas for DϕtΘ acting on forms of type (3, 0)
and (1, 2).
Lemma 5.4. Let π7 be the projection π7 : Ω
3 → Ω37 with respect to the G2-
structure ϕt of (5.10). If γ3,0 = η is a vertical 3-form, then
π7(γ3,0) = (5.17)
1
4
η − t
−2
4
(
(J1 ∗X η) ∧ e2 ∧ e3 + (J2 ∗X η) ∧ e3 ∧ e1 + (J3 ∗X η) ∧ e1 ∧ e2
)
.
If γ1,2 = ζ1 ∧ e2 ∧ e3 + ζ2 ∧ e3 ∧ e1 + ζ3 ∧ e1 ∧ e2 where the ζk’s are vertical
1-forms, then
π7(γ1,2) = (5.18)
− t
2
4
(
(∗XJ1ζ1) + (∗XJ2ζ2) + (∗XJ3ζ3)
)
+
1
4
(ζ1 + J3ζ2 − J2ζ3) ∧ e2 ∧ e3
+
1
4
(−J3ζ1 + ζ2 + J1ζ3) ∧ e3 ∧ e1 + 1
4
(J2ζ1 − J1ζ2 + ζ3) ∧ e1 ∧ e2.
Proof. The G2-structure ϕt satisfies
∗t (ϕt ∧ ∗t(ϕt ∧ α)) = −4α for any 1-form α. (5.19)
This identity in fact holds for any G2-structure [22, Proposition A.3]. (Note
that even though [22] uses the opposite orientation convention, the identity
(5.19) is independent of the choice of orientation convention.) If γ ∈ Ω3, then
π7γ = ∗t(ϕt ∧α) for some 1-form α. Since ϕt ∧ γ = ϕt ∧π7γ, applying equation
(5.19) yields
π7γ = − 14 ∗t (ϕt ∧ ∗t(ϕt ∧ γ)).
Let γ3,0 = η be a vertical 3-form. Then (5.10) and (5.11) give
∗t (ϕt ∧ γ3,0) = t−2 ∗X η. (5.20)
Similarly if γ1,2 = ζ1 ∧ e2 ∧ e3 + ζ2 ∧ e3 ∧ e1 + ζ3 ∧ e1 ∧ e2 where the ζk’s are
vertical 1-forms, we obtain
∗t (ϕt ∧ γ1,2) = −∗X (ω1 ∧ ζ1 +ω2 ∧ ζ2 +ω3 ∧ ζ3) = J1ζ1 + J2ζ2 + J3ζ3, (5.21)
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where we have also used (2.12). Note that the right hand sides of both (5.20)
and (5.21) are forms of type (1,0). If β is of type (1,0), then again using (5.11)
we compute
∗t(ϕt ∧ β) = ∗t
(
e1 ∧ e2 ∧ e3 ∧ β − t2(ω1 ∧ e1 + ω2 ∧ e2 + ω3 ∧ e3) ∧ β
)
= t2(∗Xβ)− ∗X(ω1 ∧ β) ∧ e2 ∧ e3
− ∗X(ω2 ∧ β) ∧ e3 ∧ e1 − ∗X(ω3 ∧ β) ∧ e1 ∧ e2
= t2(∗Xβ) + (J1β) ∧ e2 ∧ e3 + (J2β) ∧ e3 ∧ e1 + (J3β) ∧ e1 ∧ e2.
By (5.20) and (5.19), to compute π7(γ3,0) we substitute β = − 14 t−2 ∗X η into
the above expression. This yields (5.17), since ∗2
X
η = −η. Similarly, by (5.21)
and (5.19), to compute π7(γ1,2) we substitute β = − 14 (J1ζ1 + J2ζ2 + J3ζ3) into
the above expression. This yields (5.18), where we have also used (2.10).
Corollary 5.5. Let DϕtΘ be the linearization of Θ at ϕt as in (2.6). If γ3,0 = η
is a vertical 3-form, then
(DϕtΘ)(γ3,0) = (5.22)
− t
−2
2
(∗Xη) ∧ e1 ∧ e2 ∧ e3 + 1
2
(
(J1η) ∧ e1 + (J2η) ∧ e2 + (J3η) ∧ e3
)
.
If γ1,2 = ζ1 ∧ e2 ∧ e3 + ζ2 ∧ e3 ∧ e1 + ζ3 ∧ e1 ∧ e2 where the ζk’s are vertical
1-forms, then
(DϕtΘ)(γ1,2) =
1
2
(J1ζ1 + J2ζ2 + J3ζ3) ∧ e1 ∧ e2 ∧ e3 + t
2
2
∗X (−ζ1 + J3ζ2 − J2ζ3) ∧ e1
+
t2
2
∗X (−J3ζ1 − ζ2 + J1ζ3) ∧ e2 + t
2
2
∗X (J2ζ1 − J1ζ2 − ζ3) ∧ e3.
(5.23)
Proof. From (2.6) we get DϕtΘ =
7
3 ∗t π1 + 2 ∗t π7 − ∗t. If γ ∈ Ω3, then
π1γ = fϕt for some function f . Then γ ∧ ψt = (π1γ) ∧ ψt = 7f volt, so
π1γ =
1
7 ∗t (γ ∧ ψt). Since ψt is of type (4,0) + (2,2), it follows that π1 = 0
on forms of type (3, 0) + (1, 2). Hence DϕtΘ = 2 ∗t π7 − ∗t on forms of type
(3, 0) + (1, 2). Equations (5.22) and (5.23) now follow from (5.17) and (5.18)
using (5.11) and the fact that ∗X commutes with J1, J2, and J3.
Proposition 5.6. Let α0,2 and α2,0 be (0, 2) and (2, 0) forms, respectively.
Then the 5-form
υ = dX
[
(DϕtΘ)(t
2dXα0,2 + t
4dXα2,0 + t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
(5.24)
lies in Ω514 with respect to ϕt.
Proof. We need to show that ψt ∧ (∗tυ) = 0. We write
α0,2 = a1e2 ∧ e3 + a2e3 ∧ e1 + a3e1 ∧ e2, α2,0 = b,
46
where a1, a2, a3 are functions and b is a vertical 2-form. Then we have
dXα0,2 = [dα0,2]1,2 = (dXa1) ∧ e2 ∧ e3 + (dXa2) ∧ e3 ∧ e1 + (dXa3) ∧ e1 ∧ e2,
dXα2,0 = [dα2,0]3,0 = dXb. (5.25)
For k = 1, 2, 3, let
ζk = dXak + ξk, (5.26)
where ξk was defined in (5.13). Using the expressions in (5.25) and (5.13) we
compute using Corollary 5.5 that
(DϕtΘ)(t
2dXα0,2+t
4dXα2,0+t
2ξ1,2) = (DϕtΘ)
(
t2
∑
i,j,k
cyclic
ζk ∧ ei ∧ ek + t4(dXb)
)
=
t2
2
(J1ζ1 + J2ζ2 + J3ζ3) ∧ e1 ∧ e2 ∧ e3 + t
4
2
∑
i, j, k cyclic
∗X(−ζi + Jkζj − Jjζk) ∧ ei
− t
2
2
(∗XdXb) ∧ e1 ∧ e2 ∧ e3 + t
4
2
(
(J1dXb) ∧ e1 + (J2dXb) ∧ e2 + (J3dXb) ∧ e3
)
.
Collecting terms above and using (5.13) to express χ1,3 and θ3,1 in terms of
χ, θ1, θ2, θ3, we obtain
(DϕtΘ)(t
2dXα0,2 + t
4dXα2,0 + t
2ξ1,2)− t2χ1,3 − t4θ3,1
=
t2
2
A ∧ e1 ∧ e2 ∧ e3 + t
4
2
3∑
k=1
Bk ∧ ek,
(5.27)
where
A = J1ζ1 + J2ζ2 + J3ζ3 − ∗XdXb− 2χ,
B1 = ∗X(−ζ1 + J3ζ2 − J2ζ3) + J1dXb− 2θ1,
B2 = ∗X(−ζ2 + J1ζ3 − J3ζ1) + J2dXb− 2θ2,
B3 = ∗X(−ζ3 + J2ζ1 − J1ζ2) + J3dXb− 2θ3.
(5.28)
Note that A is a vertical 1-form and each Bk is a vertical 3-form. By (5.24),
the 5-form υ is dX of (5.27). Thus we have
υ =
t2
2
(dXA) ∧ e1 ∧ e2 ∧ e3 + t
4
2
3∑
k=1
(dXBk) ∧ ek,
and therefore using (5.11) and (5.10), we find
∗tυ = t
2
2
(∗XdXA) + 1
2
(∗XdXB1) ∧ e2 ∧ e3
+
1
2
(∗XdXB2) ∧ e3 ∧ e1 + 1
2
(∗XdXB3) ∧ e1 ∧ e2,
ψt ∧ (∗tυ) = t
4
2
∑
i,j,k
cyclic
(∗XdXBk) ∧ volX ∧ei ∧ ej − t
4
2
∑
i,j,k
cyclic
(∗XdXA) ∧ ωk ∧ ei ∧ ej .
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Hence, using (5.9) we conclude that
ψt ∧ (∗tυ) = t
4
2
∑
i,j,k
cyclic
(
d∗
X
(∗XBk) + d∗X(JkA)
)
volX ∧ei ∧ ej.
Thus, we find that υ is in Ω514 with respect to ϕt if and only if
d∗
X
(∗XBk + JkA) = 0 for all k = 1, 2, 3. (5.29)
Substituting the expressions (5.28) for A,B1, B2, B3 we find that
∗XB1 + J1A = ζ1 − J3ζ2 + J2ζ3 + J1 ∗XdXb− 2 ∗X θ1
− ζ1 − J3ζ2 + J2ζ3 − J1 ∗XdXb− 2J1χ
= 2J2ζ3 − 2J3ζ2 − 2 ∗X θ1 − 2J1χ,
and cyclic permutations of this. Cancelling the factor of 2, the conditions (5.29)
become
d∗
X
(J2ζ3 − J3ζ2 − ∗Xθ1 − J1χ) = 0,
and cyclic permutations of this. Recall that ζk = dXak + ξk. From Lemma 5.2,
we have d∗
X
(JidXaj) = 0 for any i, j and thus the conditions above become
d∗
X
(J2ξ3 − J3ξ2 − ∗Xθ1 − J1χ) = 0,
d∗
X
(J3ξ1 − J1ξ3 − ∗Xθ2 − J2χ) = 0,
d∗
X
(J1ξ2 − J2ξ1 − ∗Xθ3 − J3χ) = 0.
But these are precisely the conditions (5.15) of Proposition 5.3. Thus the proof
is complete.
5.3 Analytic results on the Eguchi–Hanson fibre Px ∼= X
Before we can give the proof of Theorem 5.1, in this section we collect some
analytic results about the Eguchi–Hanson fibre Px ∼= X . First, the Riemannian
manifold (X, gX) is an example of an asymptotically conical (AC) Riemannian
manifold, whose asymptotic cone is the cone over RP3. More precisely, it is
an asymptotically locally Euclidean (ALE) Riemannian manifold, because the
asymptotic cone R4/{±1} is flat. We begin by stating some general results that
are valid for any AC manifold, specialized to the case of dimension 4. Then
we use these facts to establish results that require the stronger ALE property,
as well as the specific topology of X . Finally the last result we collect in this
section uses the fact that (X, gX) is also hyperKa¨hler.
On an AC manifold (X, gX), there exist reasonably nice Hodge-theoretic re-
sults for forms with appropriate decay at infinity. The results we use are from
Lockhart [30] and Lockhart–McOwen [31]. We will not give detailed definitions
of the weighted Sobolev spaces that we use, but rather only list the results we
will need. A comprehensive summary of this theory using the same notation
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that we use here can be found in [25, Section 4]. Although [25] is written for
dimension 7, it is a simple matter to translate the results to dimension 4.
Specifically, the Lockhart–McOwen facts we will need are the following. Here
all norms and covariant derivatives are with respect to the metric gX on X . Let
L2k,λ(E) denote the weighted Sobolev space of sections of a tensor bundle E over
X with rate λ. When E = ΛpT ∗X is the bundle of p-forms on X , we will
abbreviate our notation and write
Ωpk,λ = L
2
k,λ(Λ
pT ∗X).
Similarly we write
(Ω2±)k,λ = L
2
k,λ(Λ
2
±T
∗X)
for the corresponding weighted Sobolev spaces of self-dual (anti-self-dual) 2-
forms on X .
(LM1) Let r be the function on X \ Y from §2.5. A smooth section f of E
that lies in L2k,λ(E) satisfies |∇kf | = O(rλ−k) as r → ∞ for all k ≥ 0.
Conversely, a smooth section f of E such that |∇kf | = O(rλ−k) for
all k ≥ 0 as r → ∞ lies in L2k,λ+γ(E) for any k ≥ 0 and any γ > 0.
Moreover, we have L2k,λ(E) ⊆ L2k,λ′(E) if λ ≤ λ′.
(LM2) For any rate λ, and any k ≥ 0, the Laplacian ∆X on Λ0T ∗X induces a
continuous linear map
(∆X)k+2,λ : Ω
0
k+2,λ → Ω0k,λ−2,
and for generic (“noncritical”) rates, this map is Fredholm. At such
rates, we have
Coker(∆X)k+2,λ ∼= Ker(∆X)k,−2−λ.
Moreover, by elliptic regularity if (∆X)k+2,λf is smooth, then f is.
(LM3) In dimension 4 the rate λ = −2 is always critical for the Laplacian on
functions, but there are no critical rates in the interval (−2, 0). Take
γ ∈ (0, 2) so that λ = −2 + γ is noncritical. Then by (LM2), the
cokernel of (∆X)k+2,−2+γ is isomorphic to the kernel of (∆X)k,−γ . By
elliptic regularity, elements in this kernel are smooth, and since by (LM1)
they are O(r−γ ) as r → ∞ with γ > 0, we conclude by the maximum
principle that the kernel is trivial. Similarly Ker(∆X)−2+γ = 0 because
γ < 2. Therefore, for γ ∈ (0, 2) the map
(∆X)k+2,−2+γ : Ω
0
k+2,−2+γ → Ω0k,−4+γ
is an isomorphism.
(LM4) The maps dX and d
∗
X
on X induce continuous linear maps
(dX)k+1,λ : Ω
p
k+1,λ → Ωp+1k,λ−1, (d∗X)k+1,λ : Ωpk+1,λ → Ωp−1k,λ−1.
for any rate λ and any k ≥ 0.
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(LM5) Elements of Ωpk,λ for λ < −2 are in the usual L2 space. In particular,
by (LM4) the spaces dX(Ω
p−1
k+1,λ+1) and d
∗
X
(Ωp+1k+1,λ+1) are L
2-orthogonal
subspaces of Ωpk,λ if λ < −2.
(LM6) If w ∈ Ω1k+1,λ+1 is smooth, then w ∧ dXw is a 3-form that is O(r2λ+1)
as r → ∞. If 2λ + 1 + 3 < 0, equivalently λ < −2, then we can
apply Stokes’ Theorem to the exact 4-form dXw ∧ dXw to deduce that∫
X(dXw ∧ dXw) = 0. See, for example, the proof of [25, Lem. 4.68].
(LM7) Define the operatorDX : Ω0(X)⊕Ω2+(X)→ Ω1(X) by DX(f, β) = dXf+
d∗
X
β. This operator is elliptic, and has formal adjoint D∗
X
: Ω1(X) →
Ω0(X) ⊕ Ω2+(X) given by D∗Xα = (d∗Xα, π+dXα). For any rate λ, and
any k ≥ 0, it induces a continuous linear map
(DX)k+1,λ : Ω0k+1,λ ⊕ (Ω2+)k+1,λ → Ω1k,λ−1,
and for generic (noncritical) rates, this map is Fredholm. At such rates,
we have
Coker(DX)k+1,λ ∼= Ker(D∗X)k,−3−λ.
Moreover, by elliptic regularity if (DX)k+1,λ(f, β) is smooth, then (f, β)
is smooth.
(LM8) For the operators (∆X)k+2,λ, (DX)k+1,λ, and (D∗X)k+1,λ of (LM2) and
(LM7), the kernel or cokernel can only change as we vary λ if we cross a
critical rate. The critical rates are those for which their exist nontrivial
sections, which are homogeneous of order λ with respect to dilations, in
the kernel of the corresponding operators on the cone.
(LM9) Let Hpλ = {α ∈ Ωpk,λ : dXα = 0 and d∗Xα = 0} which by elliptic reg-
ularity consists of smooth elements so is independent of k. Then we
have
H1−2 ∼= H1cs(X), H2−2 ∼= Im(H2cs(X)→ H2(X)), H3−2 ∼= H3(X),
where Hp(X) and Hpcs(X) denote the p
th de Rham cohomology and pth
compactly supported de Rham cohomology of X , respectively. The map
H2cs(X) → H2(X) is the obvious one. See [32, Th. 6.5.2] for a more
general statement.
Corollary 5.7. Let (X, gX) be an AC Riemannian manifold of dimension 4.
Let w ∈ Ω1k+1,λ+1 such that dXw ∈ (Ω2−)k,λ. If λ < −2 then dXw = 0.
Proof. By hypothesis we have
∗XdXw = −dXw. (5.30)
By (LM5), the 2-form dXw is in L
2. Moreover, we can apply (LM6) and (5.30)
to deduce that
‖dXw‖L2 =
∫
X
dXw ∧ ∗XdXw = −
∫
X
dXw ∧ dXw = 0
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as claimed.
Lemma 5.8. Let (X, gX) be the Eguchi–Hanson space. There are no critical
rates for the operator D∗
X
in the interval [−2, 0].
Proof. By (LM8), we must show that there do not exist any nonzero elements
homogeneous of order λ ∈ [−2, 0) in the kernel of the corresponding operator on
the cone. Let α be such a 1-form on the cone, homogeneous of order λ. Then
d∗α = 0 and π+dα = 0. Thus dd
∗α = 0 and d∗dα = −d∗ ∗ dα = 0. So α is a
harmonic 1-form. The harmonic 1-forms on the cone R4/{±1} correspond to the
{±1}-invariant harmonic 1-forms on R4. But R4 admits a global trivialization
by parallel 1-forms. So any 1-form on R4 is of the form α =
∑4
j=1 fjdxj and
∆α =
∑4
j=1(∆fj)dxj . Hence the critical rates of D∗X are a subset of the critical
rates for ∆ on functions on R4, which is also a cone over S3. By (LM3), there
are no critical rates in (−2, 0) for the Laplacian on functions, hence none for
D∗
X
in that interval.
It remains to consider the end points λ = −2, 0. It is easy to check that the
only harmonic functions on a metric cone in dimension 4 that are homogeneous
of order λ = −2 or λ = 0 are of the form crλ for c ∈ R. Therefore the only
harmonic 1-forms on R4 that are homogeneous of order λ = −2 or λ = 0 will
be of the form rλv for some parallel 1-form v. But the nonzero parallel 1-forms
on R4 are not {±1}-invariant, hence they do not descend to R4/{±1}. Thus
λ = −2 and λ = 0 are also not critical rates for D∗
X
.
Proposition 5.9. Let (X, gX) be the Eguchi–Hanson space. For any k ≥ 0 and
for γ > 0 sufficiently small, we have
Ω1k,−3+γ = dX(Ω
0
k+1,−2+γ)⊕ d∗X((Ω2+)k+1,−2+γ),
Ω3k,−3+γ = d
∗
X
(Ω4k+1,−2+γ)⊕ dX((Ω2+)k+1,−2+γ),
where in both cases the summands are L2-orthogonal. Moreover, any smooth
closed form in Ω1k,−3+γ or Ω
3
k,−3+γ is necessarily dX of a smooth form in
Ω0k+1,−2+γ or (Ω
2
+)k+1,−2+γ , respectively.
Proof. Consider (LM7) for rate λ = −2 + γ. For γ > 0 sufficiently small, this
rate will be noncritical, and Coker(DX)k+1,−2+γ ∼= Ker(D∗X)k,−1−γ . By Lemma
5.8 and (LM8), we have that
Ker(D∗
X
)k,−1−γ = Ker(D∗X)k,−2−ǫ
for some ǫ > 0. Let α ∈ Ker(D∗
X
)k,−2−ǫ. Then d
∗
X
α = 0 and π+dXα = 0. By
Corollary 5.7 we have dXα = 0. Since −2 − ǫ < −2, we deduce that α ∈ H1−2.
By (LM9), in this case H1−2 ∼= H1cs(X) = {0}, because X ∼= T ∗S2. Hence,
Coker(DX)k+1,−2+γ = {0}, and therefore
Ω1k,−3+γ = dX(Ω
0
k+1,−2+γ) + d
∗
X
((Ω2+)k+1,−2+γ),
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and the sum is direct by (LM5). This establishes the first decomposition. The
second decomposition is obtained by applying ∗X to both sides of the first one.
For either of the two decompositions, suppose that α = dXσ+d
∗
X
τ is closed.
Then dXd
∗
X
τ = 0, and at this rate it lies in L2. Thus d∗
X
τ = 0, so α = dXσ is
exact. The final statement about smoothness follows from the elliptic regularity
remark in (LM7).
We close this section with a useful observation. The space (X, gX) is also
hyperKa¨hler, so it is equipped with an orthonormal triple ω1, ω2, ω3 of parallel
self-dual 2-forms. It is a standard fact that the curvature operator is anti-
self-dual, since the Ricci curvature vanishes and the bundle Λ2+(T
∗X) admits
a parallel trivialization. This in turn implies that the curvature term in the
Weitzenbo¨ck formula on 2-forms vanishes, so ∆d = ∇∗∇ on 2-forms. It then
follows, because any self-dual 2-form η can be written as η = f1ω1+f2ω2+f3ω3
for some functions f1, f2, f3 and the ωi’s are parallel, that
∆Xη = ∆X(f1ω1 + f2ω2 + f3ω3) = (∆Xf1)ω1 + (∆Xf2)ω2 + (∆Xf3)ω3
for any self-dual 2-form η on X .
(5.31)
We will use this fact in the proof of Theorem 5.1 in §5.4.
5.4 Proof of the correction theorem
We are now ready to give the proof of Theorem 5.1. We break the proof into
three steps.
Step One. Using the expression for gt in (5.10), the expressions (5.13) for
ξ1,2, χ1,3, θ3,1, and the estimates (4.35), (4.37), (4.38) we find that with respect
to the metric gX on X ,
|∇kξi| = O(r−3−k), |∇kχ| = O(r−3−k), |∇kθi| = 0, (5.32)
for r ≥ 1, for all k ≥ 0 and i = 1, 2, 3. In particular, by (LM1) we deduce that
ξ1, ξ2, ξ3, χ ∈ Ω1k,−3+γ , θ1, θ2, θ3 ∈ Ω3k,−3+γ , (5.33)
for any γ > 0 and any k ≥ 0.
In order to simplify notation we define
A˜ = 12 (−J1ξ1 − J2ξ2 − J3ξ3) + χ, B˜1 = 12 ∗X (ξ1 − J3ξ2 + J2ξ3) + θ1,
B˜2 =
1
2 ∗X (ξ2 − J1ξ3 + J3ξ1) + θ2, B˜3 = 12 ∗X (ξ3 − J2ξ1 + J1ξ2) + θ3,
where we have used tildes to avoid confusion with the similar but different (5.28).
Note that A˜ is a vertical 1-form, and the B˜i’s are vertical 3-forms on P . Since
∗X and the Ji’s are isometries, it follows from (5.33) that
A˜, ∗XB˜1, ∗XB˜2, ∗XB˜3 ∈ Ω1k,−3+γ , (5.34)
for any γ > 0 and all k ≥ 0.
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Define on P the following 2-form:
ϑ = − ∗t dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
+ t2(dXA˜). (5.35)
We will rewrite expression (5.35) as follows. Using the expressions (5.13) for
ξ1,2, χ1,3, and θ3,1, and equation (5.23) to compute (DϕtΘ)(t
2ξ1,2), we find that
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1 = t
2
2
(J1ξ1 + J2ξ2 + J3ξ3 − 2χ) ∧ e1 ∧ e2 ∧ e3
+
t4
2
( ∗X (−ξ1 + J3ξ2 − J2ξ3)− 2θ1) ∧ e1
+
t4
2
( ∗X (−J3ξ1 − ξ2 + J1ξ3)− 2θ2) ∧ e2
+
t4
2
( ∗X (J2ξ1 − J1ξ2 − ξ3)− 2θ3) ∧ e3.
Thus we have
(DϕtΘ)(t
2ξ1,2)−t2χ1,3−t4θ3,1 = −t2A˜∧e1∧e2∧e3−t4(B˜1∧e1+B˜2∧e2+B˜3∧e3)
and hence
dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
= −t2(dXA˜) ∧ e1 ∧ e2 ∧ e3 − t4
(
(dXB˜1) ∧ e1 + (dXB˜2) ∧ e2 + (dXB˜3) ∧ e3
)
.
Applying (5.11) again, we deduce that the expression (5.35) can be written as
ϑ = − ∗t dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
+ t2(dXA˜)
= t2(dXA˜+ ∗XdXA˜) + (∗XdXB˜1) ∧ e2 ∧ e3
+ (∗XdXB˜2) ∧ e3 ∧ e1 + (∗XdXB˜3) ∧ e1 ∧ e2.
(5.36)
Now on P consider the following equation:
(dX∗t dX ∗t − ∗t dX∗t dX)(t2α0,2 + t4α2,0) = ϑ. (5.37)
If, in equation (5.37), the dX ’s were replaced by the full exterior derivative d on
P , then the left hand side would be ∆t = d∗t d∗t−∗t d∗t d, the Laplacian with
respect to gt on 2-forms. Thus, we expect (5.37) to give Laplace equations on
each fibre Px. Explicitly, as before we write
α0,2 = a1e2 ∧ e3 + a2e3 ∧ e1 + a3e1 ∧ e2, α2,0 = b, (5.38)
where a1, a2, a3 are functions and b is a vertical 2-form on P . Using (5.11)
repeatedly we compute
dXα0,2 = (dXa1) ∧ e2 ∧ e3 + (dXa2) ∧ e3 ∧ e1 + (dXa3) ∧ e1 ∧ e2,
dXα2,0 = dXb,
∗tdXα0,2 = t2
(
(∗XdXa1) ∧ e1 + (∗XdXa2) ∧ e2 + (∗XdXa3) ∧ e3
)
,
∗tdXα2,0 = t−2(∗XdXb) ∧ e1 ∧ e2 ∧ e3,
dX∗t dXα0,2 = t2
(
(dX∗XdXa1) ∧ e1 + (dX∗XdXa2) ∧ e2 + (dX∗XdXa3) ∧ e3
)
,
dX∗t dXα2,0 = t−2(dX∗XdXb) ∧ e1 ∧ e2 ∧ e3,
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and hence we find
∗tdX∗t dXα0,2 = t−2
(
(∗XdX ∗XdXa1) ∧ e2 ∧ e3 + (∗XdX ∗XdXa2) ∧ e3 ∧ e1
+ (∗XdX∗XdXa3) ∧ e1 ∧ e2
)
= −t−2(d∗
X
dXa1) ∧ e2 ∧ e3 − t−2(d∗XdXa2) ∧ e3 ∧ e1 (5.39)
− t−2(d∗
X
dXa3) ∧ e1 ∧ e2,
∗tdX∗t dXα2,0 = t−2(∗XdX∗XdXb) = −t−2d∗XdXb,
where we have used that d∗
X
= − ∗X dX∗X on forms of any degree since X is
even-dimensional. Similarly we find that
∗tα0,2 = t4
(
(∗Xa1) ∧ e1 + (∗Xa2) ∧ e2 + (∗Xa3) ∧ e3
)
,
∗tα2,0 = (∗Xb) ∧ e1 ∧ e2 ∧ e3,
dX∗t α0,2 = 0,
dX∗t α2,0 = (dX∗X b) ∧ e1 ∧ e2 ∧ e3,
∗tdX∗t α0,2 = 0,
∗tdX∗t α2,0 = −t−2(∗XdX∗X b),
and hence that
dX∗t dX∗t α0,2 = 0,
dX∗t dX∗t α2,0 = −t−2(dX ∗XdX ∗X b) = t−2dXd∗Xb.
(5.40)
The expressions in (5.39) and (5.40) yield that
(dX ∗t dX∗t − ∗t dX∗t dX)(t2α0,2 + t4α2,0)
= (∆Xa1) ∧ e2 ∧ e3 + (∆Xa2) ∧ e3 ∧ e1 + (∆Xa3) ∧ e1 ∧ e2 + t2(∆Xb).
(5.41)
Equation (5.41) expresses the left hand side of (5.37) in terms of the fibre Lapla-
cians, as expected.
Equating (5.41) and (5.36), and using that ∗2
X
= −1 on odd forms and
d∗
X
= −∗XdX∗X on all forms, we deduce that equation (5.37) is in fact equivalent
on each fibre Px to the following system:
∆Xa1 = d
∗
X
(∗XB˜1), ∆Xa2 = d∗X(∗XB˜2), ∆Xa3 = d∗X(∗XB˜3), (5.42)
∆Xb = (dXA˜+ ∗XdXA˜). (5.43)
By equation (5.34) and (LM4), the right hand sides of the four equations above
are all in Ω0k,−4+γ and (Ω
2
+)k,−4+γ for all k ≥ 0 and all γ > 0. Moreover, the
right hand side of (5.43) is also self-dual.
Therefore by equation (5.31) and fact (LM3), for γ ∈ (0, 2), on each fibre
Px of σ : P → L for x ∈ L there exist unique functions a1, a2, a3, and a unique
self-dual 2-form b solving (5.42) and (5.43) in L2k+2,−2+γ on Px for all k ≥ 0.
Here we take b self-dual to ensure that α2,0 ∈ Γ∞(Λ2+V ∗), as in the last part
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of Theorem 5.1. In particular by the elliptic regularity remark in (LM2), these
solutions are smooth. Moreover, by (LM1), we in fact have
|∇kai| = O(r−2−k+γ ), |∇kb| = O(r−2−k+γ ), (5.44)
on Px as r →∞, for all k ≥ 0 and i = 1, 2, 3.
We can show that these solutions on Px for x ∈ L depend smoothly on the
base point x using the Banach space implicit function theorem, by trivializing
locally and observing that (5.42)–(5.43) depend smoothly on the base point x.
Hence smooth a1, a2, a3 and b satisfying (5.42)–(5.44) exist on all of P , and are
unique provided b is self-dual on the fibres Px. By (5.10) for t = 1 and (5.38), we
deduce that we have found unique smooth 2-forms α2,0 and α0,2 solving (5.37)
such that with respect to the metric g1 on P ,
|∇kα2,0|gP
1
= O(rˇ−2−k+γ ), |∇kα0,2|gP
1
= O(rˇ−2−k+γ)
for rˇ ≥ 1, and these are unique provided α2,0 ∈ Γ∞(Λ2+V ∗). Measuring norms
using the metric gPt instead, the estimates (5.2)–(5.5) follow easily.
If we choose γ > 0 sufficiently small, then by (LM5) since −3 + γ < −2, we
deduce by L2-orthogonality of the images of dX and d
∗
X
that the solutions to
(5.43) and in fact solve the uncoupled equations
dXd
∗
X
b = dXA˜, d
∗
X
dXb = ∗XdXA˜.
Retracing our steps backwards using (5.39), (5.40), and (5.35), we find that the
solution to (5.37) we have produced is actually a solution to the two uncoupled
equations
dX∗t dX ∗t (t2α0,2 + t4α2,0) = t2(dXA˜),
− ∗t dX∗t dX(t2α0,2 + t4α2,0) = − ∗t dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
.
We throw away the first equation, and write the second equation as
dX∗t dX(t2α0,2 + t4α2,0) = dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
. (5.45)
Step Two. We have constructed α0,2 and α2,0 solving (5.45) and satisfying
(5.2)–(5.5). To simplify notation, define the 3-form
C = t2dXα0,2 + t
4dXα2,0.
Note that from (5.3) and (5.5) for all k ≥ 0 and γ > 0 sufficiently small we have
∣∣∇kC∣∣
gPt
=
{
O(t1−k), rˇ 6 1,
O(t1−k rˇ−3−k+γ), rˇ > 1.
(5.46)
Since C is a form of type (1, 2) + (3, 0), by the proof of Corollary 5.5 we have
(DϕtΘ)(C) = 2 ∗t π7C − ∗tC.
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Thus we can rewrite (5.45) as
dX∗t C = dX
[
2 ∗t π7C − (DϕtΘ)(C)
]
= dX
[
(DϕtΘ)(t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
,
and rearrange it as
dX
[
(DϕtΘ)(t
2dXα0,2+ t
4dXα2,0+ t
2ξ1,2)− t2χ1,3− t4θ3,1
]
= 2dX∗tπ7C. (5.47)
The form ∗tπ7C is in Ω47 with respect to ϕt, and hence can be written as
∗t π7C = w ∧ ϕt (5.48)
for some unique 1-form w on P . Since ∗t is an isometry and wedge product with
ϕt on 1-forms is an isometry up to a constant factor, we deduce from (5.48) and
(5.46) that for all k ≥ 0 and γ > 0 sufficiently small we have
∣∣∇kw∣∣
gPt
=
{
O(t1−k), rˇ 6 1,
O(t1−k rˇ−3−k+γ), rˇ > 1,
from which it follows from (5.10) and (LM1) that
w ∈ Ω1k,−3+γ for all k ≥ 0 and γ > 0 sufficiently small. (5.49)
By Lemma 5.4 we know π7C is type (1, 2)+(3, 0), so ∗tπ7C is type (3, 1)+(1, 3),
and we deduce from the fact that ϕt is type (0, 3) + (2, 1) that the 1-form w is
in fact purely vertical. Thus, the right hand side of (5.47) is
2 dX∗t π7C = 2dX(w ∧ ϕt) = 2(dXw) ∧ ϕt, (5.50)
where we have used the fact that dXϕt = 0, which follows from (5.10) as the
ωi’s are closed in the fibre direction and the ej ’s are pulled back from the base.
Proposition 5.6 precisely says that the left hand side of (5.47) lies in Ω514 with
respect to ϕt. Hence, the Ω
5
7 component of the right hand side must vanish, so
by (5.50) we conclude that π7
(
(dXw)∧ϕt
)
= 0 and thus π7(dXw) = 0. But this
means that (dXw) ∧ ψt = 0, and from (5.10) and the fact that dXw is of type
(2, 0) we deduce that (dXw) ∧ ωk = 0 for k = 1, 2, 3.
Thus dXw is anti-self-dual on the fibres. Since −3 + γ < −2, by (5.49) and
Corollary 5.7 we find that dXw = 0 and we conclude that both sides of (5.47)
are actually zero. Thus we see from equation (5.24) that υ = 0.
Step Three. In the previous step, we showed the 2-forms α0,2 and α2,0 con-
structed in Step One satisfying (5.2)–(5.5) are in fact solutions to the equation
dX
[
(DϕtΘ)(t
2dXα0,2 + t
4dXα2,0 + t
2ξ1,2)− t2χ1,3 − t4θ3,1
]
= 0. (5.51)
Note that equation (5.51) is precisely dX of equation (5.1). Rewrite (5.1) as
t2dXβ0,3+t
4dXβ2,1=(DϕtΘ)(t
2dXα0,2+t
4dXα2,0+t
2ξ1,2)−t2χ1,3−t4θ3,1. (5.52)
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By (5.51) the right hand side above is a 4-form on P in the kernel of dX . In
fact, in (5.27) we determined that
(DϕtΘ)(t
2dXα0,2 + t
4dXα2,0 + t
2ξ1,2)− t2χ1,3 − t4θ3,1
=
t2
2
A ∧ e1 ∧ e2 ∧ e3 + t
4
2
3∑
k=1
Bk ∧ ek,
(5.53)
with A,B1, B2, B3 given by (5.28). Equation (5.51) therefore says that
dXA = 0, dXB1 = 0, dXB2 = 0 and dXB3 = 0.
By (5.44) we have
|∇k(dXai)| = O(r−3−k+γ), |∇k(dXb)| = O(r−3−k+γ ), (5.54)
for i = 1, 2, 3 and all k ≥ 0. Combining (5.54) with (5.32), (5.26), and (5.28)
we deduce just as in (5.34) that
A ∈ Ω1k,−3+γ , B1, B2, B3 ∈ Ω3k,−3+γ , (5.55)
for any γ > 0 sufficiently small and all k ≥ 0. Now write
β0,3 = he1 ∧ e2 ∧ e3, β2,1 = f1 ∧ e1 + f2 ∧ e2 + f3 ∧ e3, (5.56)
where h is a function and f1, f2, f3 are vertical 2-forms on P . We will take
f1, f2, f3 to be self-dual on the fibres Px, so that β2,1 ∈ Γ∞(Λ2+V ∗ ⊗H∗), as in
the last part of Theorem 5.1. We have
dXβ0,3 = (dXh) ∧ e1 ∧ e2 ∧ e3,
dXβ2,1 = (dXf1) ∧ e1 + (dXf2) ∧ e2 + (dXf3) ∧ e3.
Using the above two expressions and equations (5.52)–(5.53), we find that (5.1)
is in fact equivalent on each fibre Px to the following system of equations:
dXh =
1
2A, dXf1 =
1
2B1, dXf2 =
1
2B2, dXf3 =
1
2B3. (5.57)
By (5.55) and Proposition 5.9, on each fibre Px there exists a smooth h in
Ω0k,−2+γ and smooth f1, f2, f3 in (Ω
2
+)k,−2+γ satisfying (5.57). Suppose h
′ was
another solution in Ω0k,−2+γ to dXh
′ = 12A. Then h− h′ is a constant function
on X , and decays to zero at infinity, so h′ = h. If f ′j was another solution in
(Ω2+)k,−2+γ to dXf
′ = 12Bj , then fj − f ′j is a closed self-dual 2-form on X (and
thus also coclosed) which decays at rate −2 + γ at infinity. Thus by (5.31), we
have fj−f ′j = c1ω1+c2ω2+c3ω3 for some decaying harmonic functions c1, c2, c3
on X , which must therefore vanish by the maximum principle. Thus f ′j = fj ,
so h, f1, f2, f3 are unique.
As for a1, a2, a3, b in Step One, we can show that these h, f1, f2, f3 on Px for
x ∈ L depend smoothly on the base point x using the Banach space implicit
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function theorem, as equations (5.57) depend smoothly on the base point x.
Thus by (5.10) for t = 1 and (5.56), we deduce that we have found smooth
3-forms β0,3 and β2,1 solving equation (5.52), and hence (5.1), such that with
respect to the metric g1 on P ,
|∇kβ0,3|gP
1
= O(rˇ−2−k+γ ), |∇kβ2,1|gP
1
= O(rˇ−2−k+γ)
for rˇ ≥ 1, and these β0,3, β2,1 are unique provided β2,1 ∈ Γ∞(Λ2+V ∗ ⊗ H∗).
Measuring norms using the metric gPt instead, the estimates (5.6)–(5.8) follow
easily. This completes the proof of Theorem 5.1.
6 Torsion-free G2-structures on the resolution N
of M/〈ι〉
Sections 6.1–6.4 prove our main theorem, Theorem 6.4, and §6.5–§6.6 explain
two generalizations of it.
6.1 The resolution N of M/〈ι〉
In §3, given (M,ϕ, g), ι, L as in Assumption 3.1, we wrote ν → L for the normal
bundle of L in M and r : ν → [0,∞) for the radius function on ν, so that
r−1(0) is the zero section 0(L). We chose a tubular neighbourhood UR ⊂ ν of
the zero section 0(L) in ν and a tubular neighbourhood map Υ : UR → M ,
which is a diffeomorphism onto an open subset of M , where UR =
{
(x, α) ∈ ν :
r(x, α) < R
}
for small R > 0. For t > 0 we also defined Υt : Ut−1R → M by
Υt : (x, α) 7→ Υ(x, tα), as in (3.5). These are equivariant under the actions of
{±1} on ν and 〈ι〉 on M , and so they descend to Υt : Ut−1R/{±1} →M/〈ι〉.
In §4 we defined a 7-manifold P , a 5-submanifold Q ⊂ P , and a proper,
continuous map ρ : P → ν/{±1}, where ρ−1(0(L)) = Q, and ρ|P\Q : P \ Q →
(ν/{±1}) \ 0(L) is smooth and a diffeomorphism. We defined rˇ = r ◦ ρ : P →
[0,∞) to be the pullback of the radius function, so that Q = rˇ−1(0).
For t > 0, define a compact, smooth 7-manifold N by
N =
[
ρ−1(Ut−1R/{±1})∐ (M \ L)/〈ι〉
]/ ≈ . (6.1)
Here ρ−1(Ut−1R/{±1}) ⊂ P is open, a noncompact 7-manifold, and (M \L)/〈ι〉
is the nonsingular part of the orbifold M/〈ι〉, another noncompact 7-manifold.
We define ≈ to be the equivalence relation on the disjoint union of these two
7-manifolds which identifies x ∈ ρ−1(Ut−1R/{±1}) \ Q with Υt ◦ ρ(x) in (M \
L)/〈ι〉. Since Υt ◦ ρ is a diffeomorphism between the relevant open subsets of
ρ−1(Ut−1R/{±1}) and (M\L)/〈ι〉, and the quotient topological space is compact
and Hausdorff, this N is a smooth compact 7-manifold.
Technically N depends on t > 0, so it might be better to write it as Nt
rather than N . But there are canonical diffeomorphisms Nt ∼= N1 for all t > 0
acting as the identity on the subsets (M \ L)/〈ι〉 ⊂ Nt, (M \ L)/〈ι〉 ⊂ N1, and
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identifying ρ−1(Ut−1R/{±1}) ⊂ Nt with ρ−1(UR/{±1}) ⊂ N1 by rescaling by t.
So by an abuse of notation we will identify the Nt for t > 0, and write them all
as N .
By another abuse of notation, we will regard ρ−1(Ut−1R/{±1}) and (M \
L)/〈ι〉 as open subsets of N , and functions, metrics, and exterior forms defined
on ρ−1(Ut−1R/{±1}) ⊂ P or on (M \ L)/〈ι〉 ⊂ M/〈ι〉 as being defined on the
corresponding subsets of N , without changing notation.
There is an obvious continuous map π : N → M/〈ι〉 acting by Υt ◦ ρ on
ρ−1(Ut−1R/{±1}), and by the inclusion (M \ L)/〈ι〉 →֒ M/〈ι〉 on (M \ L)/〈ι〉.
Then π|N\Q : N \Q→ (M/〈ι〉) \L is smooth, and a diffeomorphism. However,
as in Remark 2.9 and §4.1, π is not a smooth map of orbifolds near Q, although
π|Q : Q→ L is smooth and an S2-bundle.
Readers are warned about a possible source of confusion concerning the
radius functions r : ν/{±1} → [0,∞) and rˇ : P → [0,∞). The map Υ :
UR/{±1} → M/〈ι〉 identifies UR/{±1} with an open neighbourhood of L in
M/〈ι〉. We think of the radius function r : UR/{±1} → [0, R) as being the
distance to L in M/〈ι〉.
However, the map Υt◦ρ : ρ−1(Ut−1R/{±1})→M/〈ι〉 includes a rescaling by
t > 0 in the fibres of ν/{±1}. So rˇ maps ρ−1(Ut−1R/{±1})→ [0, t−1R), and trˇ
on ρ−1(Ut−1R/{±1}) is identified with the function r on Υ(UR/{±1}) ⊂M/〈ι〉.
That is, we should identify the radius function r in most of §3 with trˇ in §4–§5,
not with rˇ, and we should think of trˇ (rather than rˇ) as being the distance to
Q in ρ−1(Ut−1R/{±1}) ⊂ P .
Next we compute the Betti numbers bk(N) = dimHk(N ;R). It is enough
to compute b0, . . . , b3, as b7−k(N) = bk(N) by Poincare´ duality.
Proposition 6.1. Let M/〈ι〉, L and N be as above. Then the Betti numbers of
N are given by
bk(N) = bk(M/〈ι〉) + bk−2(L). (6.2)
Moreover, the fundamental groups of N and M/〈ι〉 are isomorphic.
Proof. We have the following commutative diagram of topological spaces, where
the rows are embeddings:
Q 

inc
//
π|Q

N
π

L

 inc // M/〈ι〉.
(6.3)
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Consider the following diagram of (relative) cohomology groups:
0

0

0

0

· · · // Hk−1(L;R)
pi|∗Q=
(
id
0
)

// Hk(M/〈ι〉, L;R)
∼= pi∗

// Hk(M/〈ι〉;R)
pi
∗

inc
∗
// Hk(L;R)
pi|∗Q=
(
id
0
)

// · · ·
· · · //
Hk−1(Q;R) ∼=
Hk−1(L;R)⊕
Hk−3(L;R)
(
0 id
)

// Hk(N,Q;R)

// Hk(N ;R)

inc
∗
//
Hk(Q;R) ∼=
Hk(L;R)⊕
Hk−2(L;R)
(
0 id
)

// · · ·
· · · // Hk−3(L;R)

// 0

// Hk−2(L;R)

id // Hk−2(L;R)

// · · ·
0 0 0 0. (6.4)
Here the first and second rows are the relative cohomology exact sequences for
the pairs (M/〈ι〉, L) and (N,Q). The squares between the first and second rows
commute as (6.3) commutes. In the second column, π∗ : Hk(M/〈ι〉, L;R) →
Hk(N,Q;R) is an isomorphism since collapsing L to a point in M/〈ι〉 yields
the same pointed topological space as collapsing Q to a point in N . Thus the
second column is exact.
In the first and fourth columns, π|Q : Q→ L is an S2-bundle, which is trivial
as ν → L is a trivial C2-bundle (see Remark 2.14). Hence Q ∼= L× S2, so
Hk(Q;R) ∼=
⊕
i+j=k
Hi(L;R)⊗Hj(S2;R) ∼= Hk(L;R)⊕Hk−2(L;R) (6.5)
by the Ku¨nneth Theorem. Thus the first and fourth columns are exact. The
bottom left square commutes trivially, and the third row is exact.
We now know that the rows of (6.4) are exact, the first, second and fourth
columns are exact, the squares between the first and second row commute,
and the left hand square between the second and third row commutes. By
homological algebra, it follows that there is a unique morphism ‘99K’ as shown in
(6.4) which makes the third column exact. Hence Hk(N ;R) ∼= Hk(M/〈ι〉;R)⊕
Hk−2(L;R). Taking dimensions proves (6.2).
For the final part, we can show that π∗ : π1(N) → π1(M/〈ι〉) is an isomor-
phism using the Seifert–van Kampen Theorem and the fact that ρ∗ : π1(P ) →
π1(ν/{±1}) is an isomorphism, since π1(P ), π1(ν/{±1}) are both isomorphic to
π1(L), as the fibres of σ : P → L and π : ν/{±1} → L are simply-connected.
6.2 The G2-structures (ϕ
N
t , g
N
t ) on N
Let a : [0,∞) → R be a smooth function with a(x) = 0 for x ∈ [0, 1], and
a(x) ∈ (0, 1) for x ∈ (1, 2), and a(x) = 1 for x ∈ [2,∞). Let η and ζ be as
defined in §3.5. For some sufficiently small ǫ > 0 and all t ∈ (0, ǫ], we define a
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3-form ϕNt on N by
ϕNt =


ϕ˜Pt + d
[
t2α0,2 + t
4α2,0
]
, if rˇ 6 t
−1/9
in ρ−1(Ut−1R/{±1}),
ϕ˜Pt +d
[
t2α0,2+t
4α2,0+a(t
1/9rˇ)·Υ∗(η)
]
, if t
−1/9 6 rˇ 6 2t−1/9
in ρ−1(Ut−1R/{±1}),
ϕ˜Pt + d
[
t2α0,2 + t
4α2,0 +Υ∗(η)
]
=
ρ∗(ϕ˜νt )+d
[
t2τ1,1+t
2α0,2+t
4α2,0+Υ∗(η)
]
,
if 2t−1/9 6 rˇ 6 t−4/5
in ρ−1(Ut−1R/{±1}),
ρ∗(ϕ˜νt ) + d
[
(1− a(t4/5rˇ)) ·
(t2τ1,1+t
2α0,2+t
4α2,0)+Υ∗(η)
]
,
if t−4/5 6 rˇ 6 2t−4/5
in ρ−1(Ut−1R/{±1}),
ρ∗(ϕ˜νt )+dΥ∗(η)=Υ∗(ϕ˜
ν+dη)=ϕ, if 2t
−4/5 6 rˇ < t−1R
in ρ−1(Ut−1R/{±1}),
ϕ, in (M \Υ(UR))/〈ι〉.
(6.6)
Here we require ǫ > 0 to be small enough that if 0 < t 6 ǫ then
1 < t−1/9 < 2t−1/9 < t−4/5 < 2t−4/5 < t−1R,
so that each region in (6.6) is nonempty. These particular exponents of − 19 and− 45 have been chosen so that the torsion estimates computed in Proposition 6.2
below will be sufficiently small to produce estimates in Proposition 6.3 that will
satisfy the hypotheses of Theorem 2.7.
The equality in the third case in (6.6) comes from (4.32), and the equalities in
the fifth case come from (3.34) and the equivalence of ρ∗(ϕ˜νt ) and Υ∗(ϕ˜
ν) under
the identification of their domains by ≈ in (6.1). Considering the transitions
between regions we see that ϕNt is smooth on N , and since ϕ˜
P
t , ϕ˜
ν
t , ϕ are closed,
ϕNt is also closed.
Similarly, we define a smooth closed 4-form ψNt on N for all t ∈ (0, ǫ] by
ψNt =


ψ˜Pt + d
[
t2β0,3 + t
4β2,1
]
, if rˇ 6 t
−1/9
in ρ−1(Ut−1R/{±1}),
ψ˜Pt +d
[
t2β0,3+t4β2,1+a(t1/9rˇ)·Υ∗(ζ)
]
, if t
−1/9 6 rˇ 6 2t−1/9
in ρ−1(Ut−1R/{±1}),
ψ˜Pt + d
[
t2β0,3 + t
4β2,1 +Υ∗(ζ)
]
=
ρ∗(ψ˜νt )+d
[
t2υ1,2+t
2β0,3+t
4β2,1+Υ∗(ζ)
]
,
if 2t−1/9 6 rˇ 6 t−4/5
in ρ−1(Ut−1R/{±1}),
ρ∗(ψ˜νt ) + d
[
(1− a(t4/5rˇ)) ·
(t2υ1,2+t
2β0,3+t
4β2,1)+Υ∗(ζ)
]
,
if t−4/5 6 rˇ 6 2t−4/5
in ρ−1(Ut−1R/{±1}),
ρ∗(ψ˜νt )+dΥ∗(ζ)=Υ∗(ψ˜
ν+dζ)=∗ϕ, if 2t−4/5 6 rˇ < t−1R
in ρ−1(Ut−1R/{±1}),
∗ϕ, in (M \Υ(UR))/〈ι〉.
(6.7)
We claim that for ǫ > 0 small enough, ϕNt will be a positive 3-form on N
for all t ∈ (0, ǫ] in the sense of §2.2. To establish this, we show that if t is
small enough, then at all points in N the 3-form ϕNt is close to a positive 3-
form, because then Proposition 2.6 implies that ϕNt will be positive when t is
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sufficiently small. Recall that r = trˇ. If we consider ϕNt −ϕPt , then this difference
includes terms t2ξ0,3 and dΥ∗(η), which by (4.24), (3.36), and Proposition 4.6,
are of size O(r2) = O(t2rˇ2). These are too big when r = O(1), which happens
when rˇ = O(t−1). So we can approximate ϕNt by ϕ
P
t only when rˇ is not too
large, and the region rˇ ≤ t−1/2R will do. On the other hand, if we consider
ϕNt − ϕ, then this difference includes a term t2dτ1,1, which by (4.34) is of size
O(rˇ−4). This is too big when rˇ = O(1), which happens when r = O(t). So
we can approximate ϕNt by ϕ only when rˇ is not too small, and the region
rˇ ≥ t−1/2R will do. Together these regions cover all points of N , so ϕNt is
indeed positive for all t ∈ (0, ǫ] if ǫ is sufficiently small.
6.3 Estimating the torsion of (ϕNt , g
N
t )
Since dϕNt = 0 and dψ
N
t = 0, if Θ(ϕ
N
t ) − ψNt = 0 then the G2-structure
(ϕNt , g
N
t ) is torsion-free. Thus, we can regard the next two propositions, which
bound Θ(ϕNt )− ψNt , as measuring the torsion of (ϕNt , gNt ).
Proposition 6.2. In the situation above, for all t ∈ (0, ǫ] we have∣∣Θ(ϕNt )− ψNt ∣∣gNt =

O(t2), if rˇ 6 1 in ρ−1(Ut−1R/{±1}),
O(t2rˇ2), if 1 6 rˇ 6 t−1/9 in ρ−1(Ut−1R/{±1}),
O(t16/9), if t−1/9 6 rˇ 6 2t−1/9 in ρ−1(Ut−1R/{±1}),
O(t2rˇ−2+γ), if 2t−1/9 6 rˇ 6 t−4/5 in ρ−1(Ut−1R/{±1}), γ > 0,
O(t16/5), if t−4/5 6 rˇ 6 2t−4/5 in ρ−1(Ut−1R/{±1}),
0, if 2t−4/5 6 rˇ < t−1R in ρ−1(Ut−1R/{±1}),
0, in (M \Υ(UR))/〈ι〉,
(6.8)
∣∣d(Θ(ϕNt )− ψNt )∣∣gNt =

O(t), if rˇ 6 1 in ρ−1(Ut−1R/{±1}),
O(trˇ), if 1 6 rˇ 6 t−1/9 in ρ−1(Ut−1R/{±1}),
O(t8/9), if t−1/9 6 rˇ 6 2t−1/9 in ρ−1(Ut−1R/{±1}),
O(trˇ−3+γ), if 2t−1/9 6 rˇ 6 t−4/5 in ρ−1(Ut−1R/{±1}), γ > 0,
O(t3), if t−4/5 6 rˇ 6 2t−4/5 in ρ−1(Ut−1R/{±1}),
0, if 2t−4/5 6 rˇ < t−1R in ρ−1(Ut−1R/{±1}),
0, in (M \Υ(UR))/〈ι〉.
(6.9)
62
Proof. For the first two cases in (6.8), if rˇ 6 t−1/9 in ρ−1(Ut−1R/{±1}), we have
Θ(ϕNt )− ψNt = Θ
(
ϕ˜Pt + d[t
2α0,2 + t
4α2,0]
)− ψ˜Pt − d[t2β0,3 + t4β2,1]
= Θ
(
ϕPt + t
2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0
)
− ψPt − t2χ1,3 − t4θ3,1 − t4θ2,2 − t2dβ0,3 − t4dβ2,1
= (DϕPt Θ)
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0
)
− t2χ1,3 − t4θ3,1 − t4θ2,2 − t2dβ0,3 − t4dβ2,1 (6.10)
+ FϕPt
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0
)
= (DϕPt Θ)
(
t2ξ0,3 + t
2[dα0,2]0,3 + t
4[dα2,0]2,1 + t
4[dα2,0]1,2
)
− t4θ2,2 − t4[dβ2,1]2,2 − t4[dβ2,1]1,3
+ FϕPt
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0
)
,
using (6.6)–(6.7) in the first step; (4.24) in the second; Proposition 2.6 and
∗ϕPt ϕPt = ψPt in the third; and dα0,2 = [dα0,2]1,2+ [dα0,2]0,3, etc., and equation
(5.1) of Theorem 5.1 to cancel seven terms in the fourth.
If ǫ > 0 is small enough then
∣∣ϕNt − ϕPt ∣∣gPt is small on rˇ 6 t−1/9, so
(2.5) in Proposition 2.6 applies for some C > 0. Also (2.6) implies that∣∣(DϕPt Θ)(α)∣∣gPt 6 43 ∣∣α∣∣gPt for any 3-form α. Thus from (6.10) we deduce that if
rˇ 6 t−1/9 we have∣∣Θ(ϕNt )− ψNt ∣∣gPt 6 43(∣∣t2ξ0,3∣∣gPt + ∣∣t2[dα0,2]0,3∣∣gPt + ∣∣t4[dα2,0]2,1∣∣gPt
+
∣∣t4[dα2,0]1,2∣∣gPt )+ ∣∣t4θ2,2∣∣gPt + ∣∣t4[dβ2,1]2,2∣∣gPt + ∣∣t4[dβ2,1]1,3∣∣gPt
+ C
(∣∣t2ξ1,2∣∣gPt + ∣∣t2ξ0,3∣∣gPt + ∣∣t2dα0,2∣∣gPt + ∣∣t4dα2,0∣∣gPt )2. (6.11)
All the terms on the right hand side of (6.11) are estimated in Proposition
4.6 and Theorem 5.1. The dominant terms are
∣∣t2ξ0,3∣∣gPt , ∣∣t4θ2,2∣∣gPt , which are
O(t2) if rˇ 6 1 and O(t2rˇ2) if 1 6 rˇ 6 t−1/9. Thus we see that
∣∣Θ(ϕNt )− ψNt ∣∣gPt =
{
O(t2), if rˇ 6 1 in ρ−1(Ut−1R/{±1}),
O(t2 rˇ2), if 1 6 rˇ 6 t−1/9 in ρ−1(Ut−1R/{±1}).
(6.12)
This is not quite what is wanted for (6.8), as we are taking norms using gPt
rather than gNt . However, g
P
t and g
N
t are C
0-close in the region rˇ 6 t−1/9, so
| · · · |gPt and | · · · |gNt differ by a bounded factor, and thus (6.12) implies the first
two cases in (6.8).
For the third case in (6.8), when t−1/9 6 rˇ 6 2t−1/9, we proceed as in
(6.10)–(6.12) but including the extra terms from (6.6)–(6.7):
(DϕPt Θ)
(
d[a(t1/9rˇ) ·Υ∗(η)]
) − d[a(t1/9rˇ) ·Υ∗(ζ)].
Using (3.36) and (3.37), and noting as in §6.1 that r in §3.5 corresponds to
trˇ above, we find that these terms are O(t16/9), agreeing with O(t2rˇ2) in the
previous case when rˇ = O(t−1/9). The third case in (6.8) follows.
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For the fourth case, if 2t−1/9 6 rˇ 6 t−4/5 in ρ−1(Ut−1R/{±1}) we have
Θ(ϕNt )− ψNt
= Θ
(
ϕ˜Pt + d[t
2α0,2 + t
4α2,0 +Υ∗(η)]
)
− (ψ˜Pt + d[t2β0,3 + t4β2,1 +Υ∗(ζ)])− {Θ(ϕ)− ψ}
= Θ
(
ϕPt + t
2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0 +Υ∗(dη)
)
− ψPt − t2χ1,3 − t4θ3,1 − t4θ2,2 − t2dβ0,3 − t4dβ2,1 −Υ∗(dζ)
− {Θ(ρ∗(ϕνt + t2 ˙˙ϕ˙20,3) + Υ∗(dη))− (ρ∗(ψνt + t4 ˙˙ψ˙42,2) + Υ∗(dζ))}
= (DϕPt Θ)
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0 +Υ∗(dη)
)− t2χ1,3 − t4θ3,1
− t2dβ0,3 − t4dβ2,1 + FϕPt
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0+Υ∗(dη)
)
− (Dρ∗(ϕνt )Θ)
(
t2ξ0,3 − t2[dτ1,1]0,3 +Υ∗(dη)
)
− Fρ∗(ϕνt )
(
t2ξ0,3 − t2[dτ1,1]0,3 +Υ∗(dη)
)
= (DϕPt Θ)
(
t2[dα0,2]0,3 + t
4[dα2,0]2,1 + t
4[dα2,0]1,2
)
+ (Dρ∗(ϕνt )Θ)
(
t2[dτ1,1]0,3
)
+
(
DϕPt Θ−Dρ∗(ϕνt )Θ
)(
t2ξ0,3 +Υ∗(dη)
) − t4[dβ2,1]2,2 − t4[dβ2,1]1,3
+ FϕPt
(
t2ξ1,2 + t
2ξ0,3 + t
2dα0,2 + t
4dα2,0+Υ∗(dη)
)
− Fρ∗(ϕνt )
(
t2ξ0,3 − t2[dτ1,1]0,3 +Υ∗(dη)
)
. (6.13)
Here we use (6.6)–(6.7) and Θ(ϕ) = ψ in the first step; equations (3.34), (4.24)
and Υ∗(ϕ˜
ν) = ρ∗(ϕ˜νt ), Υ∗(ψ˜
ν) = ρ∗(ψ˜νt ), and Corollary 3.9 in the second;
equation (4.33), Proposition 2.6 and ∗ϕPt ϕPt = ψPt , ∗ρ∗(ϕνt )ρ∗(ϕνt ) = ρ∗(ψνt ) in
the third, in particular to cancel t4θ2,2 with t
4 ˙˙ψ˙2,2 and to cancel two Υ∗(dζ)
terms; and dα0,2 = [dα0,2]1,2 + [dα0,2]0,3, etc., and equation (5.1) of Theorem
5.1 to cancel seven terms in the fourth.
Just as we did for (6.11), we can now estimate all the terms in the final step
of (6.13) when 2t−1/9 6 rˇ 6 t−4/5, using Propositions 2.6 and 4.6, Theorem 5.1,
equation (4.34), and the estimate∣∣DϕPt Θ−Dρ∗(ϕνt )Θ∣∣gPt = O(rˇ−4). (6.14)
The estimate (6.14) is immediate from
∣∣ϕPt − ρ∗(ϕνt )∣∣ = O(rˇ−4) which itself
follows from (4.30) and (4.34). In this case we find that the dominant terms
come from t2[dα0,2]0,3, t
4[dα2,0]2,1, t
4[dβ2,1]2,2 which contribute O(t
2 rˇ−2+γ) for
γ > 0 by Theorem 5.1, and all other terms are smaller. This proves the fourth
case in (6.8).
The fifth case of (6.8) is as for the fourth case with rˇ = O(t−4/5), but with
additional terms involving
d
[
a(t4/5rˇ) · (t2τ1,1 + t2α0,2 + t4α2,0)
]
, d
[
a(t4/5rˇ) · (t2υ1,2 + t2β0,3 + t4β2,1)
]
.
Using (4.34) and Theorem 5.1 we find that these contribute errors of size
O(t16/5) and O(t17/5−4γ/5) for γ > 0. The O(t16/5) error dominates, so the
fifth case follows.
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The sixth and seventh cases are immediate as ϕNt = ϕ, ψ
N
t = ∗ϕ with
Θ(ϕ) = ∗ϕ. This proves (6.8).
Finally, as in (4.34) and Proposition 4.6 and Theorem 5.1, the principle is
that adding a derivative ∇ multiplies the estimates by t−1 if rˇ 6 1 and by
t−1rˇ−1 if rˇ > 1, so (6.9) follows easily in the same way as (6.8).
We can now estimate the norms of Θ(ϕNt )− ψNt needed in Theorem 2.7.
Proposition 6.3. For all t ∈ (0, ǫ] we have∥∥Θ(ϕNt )− ψNt ∥∥C0 = O(t16/9), ∥∥Θ(ϕNt )− ψNt ∥∥L2 = O(t32/9),
and
∥∥d(Θ(ϕNt )− ψNt )∥∥L14 = O(t8/7), (6.15)
where the norms are computed using the metric gNt on N .
Proof. Table 6.1 gives the orders of the contributions to the norms in (6.15)
from each region in (6.8)–(6.9). We can compute each of these contributions
using (6.8)–(6.9) and the facts, which are obvious from the construction, that
the region rˇ 6 1 in (N, gPt ) has volume O(t
4), and for 1 6 rˇ 6 2t−4/5, the region
in (N, gPt ) with s 6 rˇ 6 s+ δs has volume O(t
4s3δs) for small δs > 0.∥∥Θ(ϕNt )−ψNt ∥∥C0 ∥∥Θ(ϕNt )−ψNt ∥∥L2 ∥∥d(Θ(ϕNt )−ψNt )∥∥L14
rˇ 6 1 O(t2) O(t4) O(t9/7)
1 6 rˇ 6 t−1/9 O(t16/9) O(t32/9) O(t8/7)
t−1/96 rˇ62t−1/9 O(t16/9) O(t32/9) O(t8/7)
2t−1/96 rˇ6 t−4/5 O(t20/9−γ/9) O(t4−4γ/5) O(t100/63−γ/9)
t−4/56 rˇ62t−4/5 O(t16/5) O(t18/5) O(t107/35)
r > 2t−4/5 0 0 0
Table 6.1: Contributions of regions to norms of Θ(ϕNt )− ψNt , any γ > 0
The O(t4) volume estimate in the region rˇ ≤ 1 gives the first row of Table
6.1. If a quantity is O(tarˇb) for b 6= −2 in the region A ≤ rˇ ≤ B, then its L2
norm on this region is given by
∥∥O(tarˇb)∥∥
L2
= O
(∫ B
A
(tasb)2t4s3ds
) 1
2
= O
(
ta+2(Ab+2 +Bb+2)
)
.
Similarly if a quantity is O(tarˇb) for b 6= − 27 in the region A ≤ rˇ ≤ B, then its
L14 norm on this region is given by
∥∥O(ta rˇb)∥∥
L14
= O
(∫ B
A
(tasb)14t4s3ds
) 1
14
= O
(
ta+
2
7 (Ab+
2
7 +Bb+
2
7 )
)
.
Using these observations, one obtains the entries of Table 6.1 easily. Taking the
largest term in each column in Table 6.1 for small t proves (6.15).
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6.4 Proof of the main theorem
We can now at last prove the main theorem of this paper:
Theorem 6.4. Let (M,ϕ, g) be a compact, torsion-free G2-manifold, and let
ι : M → M be a nontrivial involution preserving (ϕ, g), so that the fixed locus
L of ι is a compact associative 3-fold in M by Proposition 2.13.
Suppose L is nonempty, and that there exists a closed, coclosed, nonvanishing
1-form λ on L. That is, λ ∈ Ω1(L) with dλ = d∗λ = 0, where d∗ is defined
using g|L, and λ|x 6= 0 in T ∗xL for all x ∈ L.
Then there exists a compact 7-manifold N defined as a resolution of singular-
ities π : N →M/〈ι〉 of the 7-orbifold M/〈ι〉 along its singular locus L ⊂M/〈ι〉,
by gluing in a bundle σ : P → L along L, with fibre the Eguchi–Hanson space
X from §2.5, where P is constructed using λ. The preimage π−1(L) is a 5-
submanifold Q of N, and π|Q : Q → L is a smooth bundle with fibre S2. The
fundamental group of N satisfies π1(N)∼=π1(M/〈ι〉), and the Betti numbers are
bk(N) = bk(M/〈ι〉) + bk−2(L). (6.16)
There exists a smooth family (ϕ˜Nt , g˜
N
t ) of torsion-free G2-structures on N
for t ∈ (0, ǫ], with ǫ > 0 small, such that (ϕ˜Nt , g˜Nt )→ π∗(ϕ, g) in C0 away from
Q as t → 0, and for each x ∈ L the fibre π−1(x) ∼= S2 with metric g˜Nt |π−1(x)
approximates a small round 2-sphere with area πt2
∣∣λ|x∣∣ for small t. The metrics
g˜Nt on N have holonomy G2 if and only if M/〈ι〉 has finite fundamental group.
Proof. The first part of the theorem, the construction of π : N →M/〈ι〉 and Q,
was done in §6.1, and the claims on fundamental group and Betti numbers are
proved in Proposition 6.1. For the second part, we will apply Theorem 2.7 to
the family of G2-structures (ϕ
N
t , g
N
t ) and 4-forms ψ
N
t on N for t ∈ (0, ǫ] defined
in §6.2. By Proposition 6.3, to ensure that Theorem 2.7(i) holds for (ϕNt , gNt ),
ψNt for all t ∈ (0, ǫ], we need to find α > 0 such that α < 169 , 72 + α < 329 , and− 12 + α < 87 . In particular, these all hold for α < 118 .
We can see from the construction that gNt satisfies Theorem 2.7(ii),(iii) for
some K2,K3 > 0 and all t ∈ (0, ǫ], since where rˇ 6 1 the local injectivity radius
of gNt is O(t) and the curvature is O(t
−2), and where 1 6 rˇ 6 t−1R the local
injectivity radius of gNt is O(trˇ) and the curvature is O(t
−2rˇ−2), and outside
ρ−1(Ut−1R/{±1}) the local injectivity radius and curvature of gNt are both O(1).
Thus Theorem 2.7 shows that after making ǫ > 0 smaller if necessary, for all
t ∈ (0, ǫ] there exists a smooth, torsion-free G2-structure (ϕ˜Nt , g˜Nt ) on N such
that ‖ϕ˜Nt − ϕNt ‖C0 6 K4 t1/18 for some K4 > 0 independent of t, computing
the norm using gNt , and [ϕ˜
N
t ] = [ϕ
N
t ] in H
3(M,R). The proof of Theorem 2.7
in [20] implies that (ϕ˜Nt , g˜
N
t ) depends smoothly on t ∈ (0, ǫ], as (ϕNt , gNt ) does.
The claims on convergence (ϕ˜Nt , g˜
N
t )→ π∗(ϕ, g) away from Q as t→ 0, and
(π−1(x), g˜Nt |π−1(x)) approximating a small round 2-sphere with area π
∣∣λ|x∣∣t2 for
x ∈ L and small t, hold as ‖ϕ˜Nt − ϕNt ‖C0 6 K4 t1/18 and the analogous claims
hold for (ϕNt , g
N
t ) by construction, using the fact that the area of the bolt is
π
∣∣λ|x∣∣t2 as in Remark 2.10. Since π1(N) ∼= π1(M/〈ι〉), the last part follows
from Theorem 2.3. This completes the proof.
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Remark 6.5. We explain why it is necessary that the 1-form λ on L used in
the construction be closed and coclosed. Without assuming dλ = d(∗λ) = 0,
suppose that using λ we construct a 7-manifold N and a family of G2-structures
(ϕNt , g
N
t ) for t ∈ (0, ǫ] as in §6.2, and suppose that as in the theorem there exist
a family of torsion-free G2-structures (ϕ˜
N
t , g˜
N
t ) on N with ‖ϕ˜Nt − ϕNt ‖gNt ,C0 =
O(t1/18) for t ∈ (0, ǫ]. As in §6.1 we have a 5-submanifold Q ⊂ N with a
submersion Π : Q → L, whose fibres Π−1(x) for x ∈ L are round 2-spheres S2
with area πt2
∣∣λ|x∣∣ in the metric gNt .
Recall that if f : X → Y is a submersion of compact, oriented manifolds
with dimX = m, dimY = n, and α is a k-form on X for k > m− n, there is a
unique pushforward f∗(α), a (k−m+n)-form on Y , with the property that if β
is an (m−k)-form on Y then ∫Y f∗(α)∧β = ± ∫X α∧f∗(β). Such pushforwards
have the property that d(f∗(α)) = f∗(dα). Consider the equations
Π∗(ϕ˜
N
t |Q) = Π∗(ϕNt ) +O(t37/18) = −πt2λ+O(t37/18),
Π∗(Θ(ϕ˜
N
t )|Q) = Π∗(Θ(ϕNt )) +O(t37/18) = −πt2(∗λ) +O(t37/18).
(6.17)
Here the first steps hold as ‖ϕ˜Nt −ϕNt ‖gNt ,C0 = O(t1/18) and the fibres of Π have
volume O(t2), and the second steps hold by definition of ϕNt . As ϕ˜
N
t ,Θ(ϕ˜
N
t )
are closed, the left hand sides of (6.17) are closed. Hence, multiplying (6.17) by
t−2 and taking the limit as t→ 0, we see that λ and ∗λ are closed. N
6.5 Replacing M/〈ι〉 by a G2-orbifold
The construction of §3–§6.4 begins with a compact torsion-free G2-manifold
(M,ϕ, g) with an involution ι : M → M with ι∗(ϕ) = ϕ, where the fixed locus
L of ι is a 3-submanifold inM . ThenM/〈ι〉 is an orbifold, with orbifold stratum
L, and (ϕ, g) descends to a torsion-free G2-structure on M/〈ι〉 in the orbifold
sense, also written (ϕ, g). We define a resolution π : N →M/〈ι〉 and construct
torsion-free G2-structures (ϕ˜
N
t , g˜
N
t ) on N .
In fact the whole programme also works if we start not with a quotient
M/〈ι〉, but with a compact torsion-free G2-orbifold (M ′, ϕ, g), such that the
only orbifold stratum of M ′ is a compact 3-submanifold L such that M ′ near
L is locally modelled on R3 × (R4/{±1}), and we are given a closed, coclosed,
nonvanishing 1-form λ on (L, g|L). It is not necessary that M ′ should be a
global quotient M/〈ι〉.
We chose to start fromM/〈ι〉 in the main text for simplicity, to avoid dealing
with orbifolds. But in fact the general case of G2-orbifolds (M
′, ϕ, g) is essen-
tially identical, requiring no extra work, so we will not go through the details.
In §7.2–§7.4 we discuss examples involving G2-orbifolds (M ′, ϕ, g) in which M ′
cannot be written as M/〈ι〉 for a 7-manifold M .
6.6 Twisting λ by a principal Z2-bundle
The construction of §3–§6.4 involves a closed, coclosed, nonvanishing 1-form λ
on the fixed locus L of ι in M . This λ was used in §4 to define a resolution
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P of ν/{±1}, where λ is used to define a complex structure I on the fibres of
ν → L, and then ρ : P → ν/{±1} is the bundle blow-up of ν/{±1} along the
zero section 0(L) using I.
Consider the effect of replacing λ by −λ in §4. This replaces I by −I,
but the blow-up P is unchanged. It turns out that the data ϕPt , ψ
P
t , g
P
t , ϕ˜
P
t ,
ψ˜Pt , ξ1,2, ξ0,3, χ1,3, θ3,1, θ2,2, . . . defined in §4.4 is unchanged as well. This holds
because ωˇI , e1, e2 ∧ e3 change sign, but combinations such as σ∗(e1) ∧ ωˇI and
σ∗(e2) ∧ σ∗(e3) ∧ ωˇI in (4.21) are unchanged. The constructions of §5–§6.4,
and the final result N, (ϕ˜Nt , g˜
N
t ) in Theorem 6.4, only involve data which are
unchanged by replacing λ by −λ.
In fact the construction still works if λ is only defined up to sign ±λ locally
in L. Here is what we mean by this. Suppose π : Z → L is a principal Z2-
bundle over L. Then we can form the vector bundles ΛkT ∗L ⊗Z2 Z → L of
k-forms on L twisted by Z. The d and d∗ operators on L extend naturally to
d : Γ∞(ΛkT ∗L ⊗Z2 Z) → Γ∞(Λk+1T ∗L ⊗Z2 Z) and d∗ : Γ∞(ΛkT ∗L ⊗Z2 Z) →
Γ∞(Λk−1T ∗L ⊗Z2 Z), so it makes sense for a Z-twisted k-form λ to be closed
and coclosed. If locally in L we choose a trivialization Z ∼= L×Z2, then we have
local canonical isomorphisms ΛkT ∗L⊗Z2 Z ∼= ΛkT ∗L, which identify Z-twisted
k-forms with ordinary k-forms. These depend on the trivialization up to sign.
We can generalize the construction of §3–§6.4 as follows: we choose a prin-
cipal Z2-bundle π : Z → L, and take λ to be a closed, coclosed, nonvanishing,
Z-twisted 1-form on L, instead of an ordinary 1-form. Locally in L we can
identify λ with an ordinary 1-form on L up to sign, and this is enough to define
P, ϕPt , ψ
P
t , g
P
t , . . . , N, ϕ˜
N
t , g˜
N
t in §4–§6.4, since as above these are all unchanged
by replacing λ by −λ, and the analogue of Theorem 6.4 holds.
Proposition 6.1 and equation (6.16) must be modified. In the Z-twisted case
we no longer have Q ∼= L×S2, so (6.5) does not hold. Instead it turns out that
Hk(Q;R) ∼= Hk(L;R)⊕Hk−2(L,Z;R),
where H∗(L,Z;R) is the Z-twisted de Rham cohomology of L, the cohomology
of the complex
(
Γ∞(ΛkT ∗L ⊗Z2 Z)k>0, d
)
. Thus in the third row of (6.4) we
replace H∗(L;R) by H∗(L,Z;R), and (6.2) and (6.16) are replaced by
bk(N) = bk(M/〈ι〉) + bk−2(L,Z), (6.18)
where bk(L;Z) = dimHk(L,Z;R) are the Z-twisted Betti numbers of L. In
Example 7.3 we construct compact G2-manifolds using Z-twisted 1-forms.
7 Examples
7.1 General discussion on how to produce examples
To apply Theorem 6.4, we have to find:
(a) A compact torsion-free G2-manifold (M,ϕ, g) and an involution ι : M →
M with ι∗(ϕ) = ϕ and fixed points a 3-submanifold L ⊂M .
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Or more generally, as in §6.5, a compact torsion-free G2-orbifold (M ′, ϕ, g)
with one orbifold stratum L locally modelled on R3 × (R4/{±1}).
(b) A closed, coclosed, nonvanishing 1-form λ on L.
Or more generally, as in §6.6, a principal Z2-bundle π : Z → L and a
closed, coclosed, nonvanishing, Z-twisted 1-form on L.
There are several obvious ways to produce the data in (a):
(i) We could make (M,ϕ, g), ι or (M ′, ϕ, g) using one of the known construc-
tions of compact 7-manifolds with holonomy G2 due to the first author,
Kovalev–Lee, or Corti–Haskins–Nordstro¨m–Pacini [7, 18–21, 27, 28], and
either leave some orbifold singularities unresolved, or do the construction
Z2-equivariantly, and divide by Z2 at the end of the construction.
(ii) We could take M ′ of the form (T 3 × K3)/Γ for Γ a finite group (e.g.
Γ = Z22), where T
3 carries a flat metric and K3 a hyperKa¨hler metric.
(iii) We could take M = S1 × Y for Y a Calabi–Yau 3-fold, and ι : S1 × Y →
S1 × Y to act by ι(x, y) = (−x, τ(y)) for τ : Y → Y an antiholomorphic
involution, with fixed locus a special Lagrangian 3-fold L′ in Y . Then
L = {0, 12} ×L′. This situation was described in Examples 2.12 and 2.15.
However, there is a difficulty in finding a suitable 1-form λ in (b). As (L, g|L)
is a compact Riemannian 3-manifold, we know by Hodge theory that the vector
space H1 of closed, coclosed 1-forms λ on L is isomorphic to the de Rham
cohomology group H1(L;R), which we can often compute. But unless we know
something about the metric g|L on L, we do not know that any λ ∈ H1 is
nonvanishing; conceivably every λ ∈ H1 might have at least one zero.
Thus, to apply Theorem 6.4 we restrict to cases in which we can describe
(L, g|L) as a Riemannian 3-manifold. Note in particular that in case (iii), if the
Calabi–Yau metric h on Y comes from Yau’s proof of the Calabi Conjecture,
then without further information on h, we know nothing about h|L′ , so we
cannot deduce the existence of closed, coclosed, nonvanishing 1-forms λ on L′.
Here are some useful facts for constructing such 1-forms λ:
(A) Suppose (L, g) is a 3-torus T 3 with a flat metric. Then there is a space
R
3 \ {0} of closed, coclosed, nonvanishing 1-forms λ on L.
(B) Suppose (L, g) is a product (S1 × Σ, dx2 + h), where (Σ, h) is a compact
Riemannian 2-manifold (of any genus g > 0), and x ∈ R/Z is the coordi-
nate on S1. Then λ = dx is closed, coclosed, and nonvanishing on L.
(C) Suppose (L, g) is a product (S1×Σ, dx2+h), where Σ is an oriented torus
T 2, and h is a Riemannian metric on Σ, which need not be flat.
The notion of harmonic 1-form on (Σ, h) depends only on the conformal
class of h, and h is conformal to a flat metric. Thus there is an R2 \ {0}
space of closed, coclosed, nonvanishing 1-forms on (Σ, h), which pull back
to closed, coclosed, nonvanishing 1-forms λ on L.
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(D) In each of (A)–(C) we can replace L by L/Γ, where Γ is a finite group
acting freely on L by isometries preserving λ.
More generally, we can allow Γ to preserve λ only up to sign, and then λ
descends to a closed, coclosed, nonvanishing, Z-twisted 1-form on L/Γ.
(E) Let (L, g) be a compact Riemannian 3-manifold, and λ a closed, coclosed,
nonvanishing 1-form on (L, g). Suppose g′ is another Riemannian metric
on L. Then there exists a unique closed, coclosed 1-form λ′ on (L, g′)
with [λ′] = [λ] ∈ H1dR(L;R). One can show that if ‖g′ − g‖C0 is small
then ‖λ′ − λ‖C0 6 C‖g′ − g‖C0 for C > 0 depending only on L, g, λ. But
if ‖λ′ − λ‖C0 is sufficiently small then λ′ is nonvanishing, as λ is. This
proves that if (L, g) admits a closed, coclosed, nonvanishing 1-form λ, and
g′ is any other metric on L with ‖g′− g‖C0 sufficiently small, then (L, g′)
also admits a closed, coclosed, nonvanishing 1-form λ′.
We can apply this in (A)–(D), so that the metric g need only be C0-close
to being flat, or a product dx2 + h.
7.2 Resolving orbifolds T 7/Γ in several stages
In [18, 19], [20, §11–§12] the first author constructed examples of compact 7-
manifolds with holonomy G2 by resolving orbifolds T
7/Γ, where Γ is a finite
group acting on T 7 preserving a flat G2-structure (ϕ0, g0). We explain how
to modify this construction. Suppose (T 7/Γ, ϕ0, g0) is such a flat G2-orbifold,
and the orbifold singularities of T 7/Γ split as S ∐ T , where S is a union of
orbifold strata that can be resolved using the methods of [18–20], and T is a
disjoint union of orbifold strata T 3/∆, where ∆ is a finite group acting freely
on T 3 ⊂ T 7, and the singularities are locally modelled on (T 3× (R4/{±1}))/∆.
Apply the methods of [18–20] (which work for partial resolutions in orbifolds,
as well as for complete resolutions in manifolds) to resolve the singularities S in
T 7/Γ, but leave T unresolved. This gives a 7-orbifold M ′ with resolution map
π :M ′ → T 7/Γ, and a family of torsion-free G2-structures (ϕs, gs) onM ′ for s ∈
(0, ǫ] with ǫ > 0 small. Here s is the length-scale of the resolution of the singular
set S, so that near π−1(S) the curvature R(gs) is O(s
−2) and the injectivity
radius δ(gs) is O(s), and away from π
−1(S) we have ‖gs − π∗(g0)‖C0 = O(sκ)
for some κ > 0 as in Theorem 2.7 (we can take κ = 12 as in [20, Th. 11.6.1]).
Now M ′ has singular set T . As T is disjoint from S, we have ‖gs|T −
π∗(g0|T )‖C0 = O(s1/2), so gs|T is C0-close to the flat metric g0|T on T for
small s > 0. Suppose each component T 3/∆ of T has b1(T 3/∆) > 0 (or more
generally, T 3/∆ has a principal Z2-bundle Z with H
1(T 3/∆, Z;R) 6= 0, as in
§6.6). Then as in §7.1(A),(D) there exists a closed, coclosed, nonvanishing 1-
form λ0 on (T, g0|T ) (possibly Z-twisted as in §6.6), so by §7.1(E) there also
exists a closed, coclosed, nonvanishing 1-form λs on (T, gs|T ) for small enough
s > 0 (possibly Z-twisted as in §6.6). Thus we can apply Theorem 6.4, modified
as in §6.5–§6.6, to construct a compact 7-manifold N resolvingM ′, and a family
(ϕNs,t, g
N
s,t) of torsion-free G2-structures onN , where t > 0 must be small in terms
of s, that is, 0 < t≪ s≪ 1.
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Arguably these examples are not that interesting, as we could just have
applied [18–20] to get torsion-free G2-structures (ϕ
N
s , g
N
s ) on the same 7-mani-
fold N in a single step, by resolving the singularities S, T simultaneously, rather
than first resolving S, then resolving T . However, the G2-structures (ϕ
N
s,t, g
N
s,t)
we have constructed are different from those of [18–20], as they involve two
length-scales s, t with 0 < t≪ s≪ 1.
In fact the authors expect that one can resolve the disjoint singular sets
S, T in T 7/Γ completely independently, so that there should exist torsion-free
G2-structures (ϕ
N
s,t, g
N
s,t) on N which resolve S at length-scale s > 0 and T
at length scale t > 0, whenever 0 < s, t ≪ 1. But this is not proved. The
methods of [18–20] give such (ϕNs,t, g
N
s,t) when s, t are about the same size, that
is, 0 < s, t ≪ 1 with s ≈ t, and the modification above gives (ϕNs,t, gNs,t) when t
is much smaller than s, that is, 0 < t ≪ s ≪ 1, but the two constructions do
not overlap.
We can also generalize all this to resolve orbifolds T 7/Γ with singular set
S ∐ T1 ∐ · · · ∐ Tk, for S as above and T1, . . . , Tk as for T above, where we
iteratively resolve S, T1, T2, . . . , Tk in this order, at length-scales s, t1, t2, . . . , tk
respectively, where 0 < tk ≪ tk−1 ≪ · · · ≪ t1 ≪ s≪ 1.
Here is an example, taken from [18, §2.1]. The labelling has been changed
to be compatible with (2.1).
Example 7.1. Let T 7 = R7/Z7 with standard G2-structure (ϕ0, g0) given in
(2.1)–(2.2). Let Γ = 〈α, β, γ〉 ∼= Z32, where α, β, γ are involutions acting by
α(x1, . . . , x7) = (−x1,−x2, x3,−x4, x5, x6,−x7),
β(x1, . . . , x7) = (
1
2 − x1, x2,−x3,−x4, x5,−x6, x7),
γ(x1, . . . , x7) = (x1,
1
2 − x2,−x3, 12 − x4,−x5, x6, x7).
These preserve the G2-structure (ϕ0, g0). The only elements of Γ with fixed
points are 1, α, β, γ, where α, β, γ each fix 16 T 3’s. The quotient T 7/Γ is simply-
connected, with singular set:
(a) 4 copies of T 3 from the fixed points of α.
(b) 4 copies of T 3 from the fixed points of β.
(c) 4 copies of T 3 from the fixed points of γ.
These 12 T 3’s are pairwise disjoint. Near each T 3, the space T 7/Γ is modelled
on T 3 × (R4/{±1}).
Split the singular set as S ∐ T , where S is k of the 12 T 3’s, and T is the
remaining 12 − k of the T 3’s, for 0 < k < 12. Then the construction above
applies. The 7-manifold N resolving T 7/Γ is described in [18, §2.2], and is
simply-connected with b2(N) = 12 and b3(N) = 43. The construction above
yields a family of torsion-free G2-structures (ϕ
N
s,t, g
N
s,t) on N , which have holon-
omy G2. N
We can do the same thing for many of the examples in [18–20].
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It is also possible to do a similar two-stage (or multiple-stage) resolution
process for examples of G2-manifolds coming from the ‘twisted connected sum’
constructions of [6, 7, 27, 28]. These work by gluing together noncompact G2-
manifolds S1 × Y1 and S1 × Y2, where Y1, Y2 are Asymptotically Cylindrical
Calabi–Yau 3-folds satisfying a matching condition at their infinite ends. We
could instead allow Y1, Y2 to be Calabi–Yau orbifolds, with compact singular
sets Σ1,Σ2 locally modelled on C× (C2/{±1}).
Gluing S1×Y1 and S1×Y2 together using [6,7,27,28] would give a family of
compact G2-orbifolds (M
′, ϕs, gs), with singular set (S1×Σ1)∐(S1×Σ2) locally
modelled on R3×(R4/{±1}). We could then resolve this using Theorem 6.4 gen-
eralized as in §6.5 and §7.1(B),(E), to get torsion-free G2-structures (ϕNs,t, gNs,t)
on a 7-manifold N . This is the same N we would get by applying [6,7,27,28] to
glue S1 × Y˜1 and S1 × Y˜2, where Y˜1, Y˜2 are the crepant resolutions of Y1, Y2, so
we get new torsion-free G2-structures on known examples of 7-manifolds with
holonomy G2. Carrying out this procedure for some explicit examples could be
a project for future study.
7.3 Resolving orbifolds (T 3 ×K3)/Γ
Next we apply our construction to resolve G2-orbifolds of the form (T
3×X)/Γ,
where X is a hyperKa¨hler K3 surface.
Take T 3 = R3/Λ, where Λ is a lattice in R3 (e.g. Λ = Z3). Let X be
a hyperKa¨hler K3 surface with metric h, complex structures I, J,K, and hy-
perKa¨hler forms ωI , ωJ , ωK . Define a torsion-free G2-structure (ϕ, g) on T
3×X
as in (2.13). Suppose we can find a finite group Γ with an action on T 3 × X
preserving (ϕ, g), so M ′ = (T 3 ×X)/Γ is a 7-orbifold with G2-structure (ϕ, g),
such that the singular set of M ′ can be resolved using our construction.
As Γ acts by isometries, one can show that in this case the action of Γ
on T 3 × X must be a product of Γ-actions on T 3 and on X . To get orbifold
singularities of the right type, it is necessary that any 1 6= γ ∈ Γ with fixed
points in T 3 ×X must be of order 2. There are two possibilities for such γ:
(a) γ acts trivially on T 3, and fixes 2k points on X , where γ acts on H2(X ;R)
with 10+ k eigenvalues +1 and 12− k eigenvalues −1. Hence Fix(γ) is 2k
copies of T 3 in T 3 ×X .
(b) γ fixes l circles S1 in T 3, where l = 2 or 4, and γ fixes a 2-submanifold Σ
in X . Hence Fix(γ) is l copies of S1 × Σ in T 3 ×X .
The corresponding orbifold stratum inM ′ = (T 3×X)/Γ is Fix(γ)/∆, where ∆ =
{δ ∈ Γ : δγ = γδ}/{1, γ}.
In case (b), after applying an SO(3) transformation to 〈I, J,K〉R we can
suppose suppose that γ fixes I and changes the signs of J,K. Hence γ is a
nonsymplectic involution of the complex symplecticK3 surface (X, I, ωJ+iωK).
Nonsymplectic involutions have been completely classified by Nikulin [34], see
also [2] and [28, §3]. Nikulin shows [34, §4] that Σ must be either the disjoint
union of two T 2’s, or the disjoint union of a genus g surface and k CP1’s, where
there are 64 possibilities for (g, k) with 0 6 g 6 10 and 0 6 k 6 9.
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A huge amount is known about K3 surfaces, and using this we could con-
struct many examples of hyperKa¨hler K3 surfaces X with suitable actions of
a finite group Γ. Basically, everything is determined by the choice of faith-
ful Γ-representation on the K3 lattice H2(X ;Z) ∼= 2(−E8)⊕ 3H , which fixes a
positive definite subspace 〈ωI , ωJ , ωK〉R ⊂ H2(X ;R) satisfying some conditions.
One possibility would be to take X to be a resolution of T 4/∆, and the Γ-
action on X to lift from a Γ-action on T 4/∆. Then M ′ = (T 3×X)/Γ would be
a partial resolution of (T 3×T 4)/(Γ⋉∆), and the G2-manifolds N we eventually
construct would be a complete resolution of T 7/(Γ ⋉ ∆). In this case, the 7-
manifold N we get would be the same as if we resolved T 7/(Γ⋉∆) in a single
step using [18–20], as in §7.2. However, not all examples are of this type.
Example 7.2. Let C be the nonsingular sextic curve in CP2
C =
{
[z0, z1, z2] ∈ CP2 : z60 + z61 + z62 = 0
}
.
Then C has genus 10, by the degree-genus formula. Define π : X → CP2
to be the double cover of CP2 branched over C. Then X is a complex K3
surface, with complex structure I. Write α : X → X to be the holomorphic
involution swapping the sheets of the double cover, so that π ◦ α = π. Then α
is a nonsymplectic involution, with Fix(α) = C ⊂ X .
Consider the antiholomorphic involution of CP2 mapping [z0, z1, z2] 7→ [z¯0,
z¯1, z¯2]. This lifts through π to two antiholomorphic involutions of X , which we
write as β and αβ, where we take β to have fixed set Fix(β) = {x ∈ X : π(x) ∈
RP
2 ⊂ CP2}, and αβ to be free. Then Fix(β) is the double cover of RP2, that
is, Fix(β) ∼= S2, and Fix(αβ) = ∅, and Γ = {1, α, β, αβ} ∼= Z22 acts on X .
By the Calabi Conjecture we can extend (X, I) to a hyperKa¨hler K3 surface
(X, I, J,K, h, ωI, ωJ , ωK), where we can choose J,K such that α, β act by
α : ωI 7−→ ωI , α : ωJ 7−→ −ωJ , α : ωK 7−→ −ωK ,
β : ωI 7−→ −ωI , β : ωJ 7−→ ωJ , β : ωK 7−→ −ωK .
Let T 3 = R3/Z3 with coordinates (x1, x2, x3), xi ∈ R/Z, and let Γ act on T 3 by
α : (x1, x2, x3) 7−→ (x1,−x2,−x3), β : (x1, x2, x3) 7−→ (−x1, x2, 12 − x3). (7.1)
The fixed locus of α in T 3 is four S1’s, given by x2, x3 ∈ {0, 12}. Also the fixed
locus of β is four S1’s, and αβ acts freely on T 3.
Define a torsion-free G2-structure (ϕ, g) on T
3 × X as in (2.13). Then Γ
preserves (ϕ, g), so M ′ = (T 3 × X)/Γ is a compact orbifold with torsion-free
G2-structure (ϕ, g). The fixed set of α in T
3 ×X is four copies of S1 × C, but
the four are exchanged in pairs by β, so these contribute two copies of S1 × C
to the singular set of M ′. The fixed set of β in T 3×X is four copies of S1×S2,
which are exchanged in pairs by α, and contributes two copies of S1×S2 to the
singular set of M ′. As αβ acts freely, it contributes no singular points, and the
singular sets from α, β are disjoint. Hence the singular set of M ′ is two copies
of S1 × C, where C has genus 10, and two copies of S1 × S2.
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The de Rham cohomology HkdR(M
′;R) is the subspace of HkdR(T
3 × X ;R)
fixed by Γ. It is a general fact about K3 surfaces X that if γ : X → X is an
involution and the induced action of γ on H2(X) ∼= R22 has a eigenvalues +1
and 22 − a eigenvalues −1 then χ(Fix(α)) = 2a − 20. Since χ(Fix(α)) = −18,
χ(Fix(β)) = 2 and χ(Fix(αβ)) = 0 from above, we see that H2(X) ∼= R ⊕
R
11 ⊕ R10 where α = 1 and β = −1 on R, and α = −1 and β = 1 on R11, and
α = β = −1 on R10. Using this and (7.1) we can compute the action of Γ on
HkdR(T
3 ×X ;R) ∼=
⊕
i+j=k
HidR(T
3;R)⊗HjdR(X ;R).
By taking Γ-invariant parts, we find that b0(M ′) = 1, b1(M ′) = b2(M ′) = 0,
and b3(M ′) = 23. Moreover, M ′ is simply-connected.
The singular set L is a product S1 × (C ∐ C ∐ S2 ∐ S2), and the metric
g|L on L is a product metric. Hence by §7.1(B) we can apply Theorem 6.4
to get a compact 7-manifold N carrying torsion-free G2-structures (ϕ
N
t , g
N
t ).
Proposition 6.1 shows that b0(N) = 1, b1(N) = 0, b2(N) = 4 and b3(N) = 67,
using that b0(L) = 4 and b1(L) = 44 (which follows from b1(C) = 20), and that
N is simply-connected, since M ′ is. Hence Hol(gNt ) = G2 by Theorem 2.3.
Both the first author [20, §12] and Kovalev and Lee [28, Table 1] construct
examples of compact 7-manifolds with holonomy G2 and b
2 = 4, b3 = 67. In
fact our 7-manifold N can be obtained from the Kovalev–Lee construction [28]
by instead using the metric dx21 + dx
2
2 + R
2dx23 on T
3 for R ≫ 0, so that the
x3 circle is very long. As R→∞, N ∼= N1#twistN2 splits as a ‘twisted connect
sum’ into a region N1 from x3 ∈ (− 14 , 14 ) containing the resolution of the α fixed
points, and a region N2 from x3 ∈ (14 , 34 ) containing the resolution of the β fixed
points, where Ni ∼= S1 × Yi for Yi an Asymptotically Cylindrical Calabi–Yau
3-fold obtained as a resolution of (X × C∗)/Z2. N
Example 7.3. Work in the situation of Example 7.2, but instead of (7.1), let
Γ act on T 3 by
α : (x1, x2, x3) 7−→ (x1,−x2,−x3), β : (x1, x2, x3) 7−→ (−x1, x2,−x3).
Again the fixed set of α in T 3 ×X is four copies of S1 × C, but now 〈β〉 = Z2
acts freely on each copy, so they contribute four copies of (S1 × C)/Z2 to the
singular set of M ′. Similarly, the fixed set of β in T 3 × X is four copies of
S1 × S2, but 〈α〉 = Z2 acts freely on each copy, so they contribute four copies
of (S1×S2)/Z2 to the singular set of M ′. Thus, the singular set L of M ′ is the
disjoint union of four copies of (S1 × C)/Z2 and four copies of (S1 × S2)/Z2.
We resolveM ′ using Theorem 6.4 modified as in §6.6, twisting by the unique
nontrivial principal Z2-bundles Z on (S1×C)/Z2 and (S1×S2)/Z2 induced by
the Z2-actions on S1 ×C and S1 ×S2. Then we can take the Z-twisted 1-form
to be λ = dx for x ∈ R/Z the coordinate on S1 on each component, and we
can apply our construction as in §7.1(B),(D), to get a compact 7-manifold N
with torsion-free G2-structures (ϕ
N
t , g
N
t ). Calculation shows that the Z-twisted
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Betti numbers are
b0
(
(S1 × C)/Z2, Z
)
= 0, b1
(
(S1 × C)/Z2, Z
)
= 11,
b0
(
(S1 × S2)/Z2, Z
)
= 0, b1
(
(S1 × S2)/Z2, Z
)
= 1.
As before we have b0(M ′) = 1, b1(M ′) = b2(M ′) = 0, and b3(M ′) = 23, and
M ′ is simply-connected, so N is simply-connected, and Hol(gNt ) = G2. Using
(6.18) we see that the Betti numbers of N are b2(N) = 0 and b3(N) = 71.
Kovalev and Lee [28, Table 1] also construct a compact 7-manifold with
holonomy G2 and b
2 = 0, b3 = 71. But in contrast to Example 7.2, here we
cannot relate our 7-manifold N to a Kovalev–Lee example by stretching an S1
in T 3 to separate the α and β fixed points, since these both lie over (0, 0, 0) in
T 3. So this example may be new. N
7.4 Describing metrics on some Calabi–Yau 3-folds
Suppose Y is a 3-dimensional projective complex orbifold with trivial canonical
bundle, all of whose singularities are locally modelled on C× (C2/{±1}). Write
Σ ⊂ Y for the singular set, so that Σ is a smooth projective curve. Using the
Calabi Conjecture in the orbifold category gives a Calabi–Yau metric h on Y .
As in §2.6, M ′ = S1 × Y is a 7-orbifold with torsion-free G2-structure (ϕ, g),
with singular set L = S1 × Σ locally modelled on R3 × (R4/{±1}).
Since g = dx2 + h restricts to a product metric on L = S1 × Σ, as in
§7.1(A) Theorem 6.4 applies to construct torsion-free G2-structures (ϕNt , gNt )
on a resolution N of S1 × Y . In this case everything is equivariant under the
obvious action of S1 on S1 × Y , and we have N = S1 × Y˜ , for Y˜ the crepant
resolution of Y , which is the blow up of Y along Σ, and the G2-structures
(ϕNt , g
N
t ) come from Calabi–Yau metrics h˜t on Y˜ for small t > 0.
Of course, we already knew by the Calabi Conjecture that Y˜ admits Calabi–
Yau metrics. However, our construction gives a precise description of the
Calabi–Yau metrics h˜t on Y˜ in the limit as the CP
1 fibres of π : N˜ → N
over the singular set Σ become small, and we believe this description is new.
Example 7.4. Define Y to be the orbifold-smooth hypersurface
Y =
{
[z0, z1, z2, z3, z4] ∈ CP41,1,2,2,2 : z80 + z81 + z42 + z43 + z44 = 0
}
in the weighted projective space CP41,1,2,2,2. Then Y is a Calabi–Yau 3-orbifold.
The singularities of Y are inherited from the orbifold singularities of CP41,1,2,2,2,
are locally modelled on C× (C2/{±1}), and are the genus 6 projective curve
Σ =
{
[0, 0, z2, z3, z4] ∈ CP41,1,2,2,2 : z42 + z43 + z44 = 0
}
.
The blow-up Y˜ of Y along Σ is a Calabi–Yau 3-fold. As above we can describe
Calabi–Yau metrics h˜t on Y˜ close to orbifold Calabi–Yau metrics h on Y . N
75
7.5 Conjectural examples from (Calabi–Yau 3-fold×S1)/〈ι〉
Suppose Y is a Calabi–Yau 3-fold with metric h, and τ : Y → Y is an antiholo-
morphic isometric involution with fixed locus L′, a special Lagrangian 3-fold in
Y . Then as in §7.1(iii) we can take M = S1 × Y with the induced torsion-free
G2-structure with product metric g = dx
2 + h, and we can define an involution
ι : M → M by ι(x, y) = (−x, τ(y)), so that ι has fixed locus L = {0, 12} × L′.
To apply Theorem 6.4, we need there to exist a closed, coclosed, nonvanishing
1-form λ′ on (L′, h|L′). As in §7.1, if the Calabi–Yau metric h comes from the
Calabi Conjecture then we know basically nothing about h|L′ , so we do not
know whether any of the harmonic 1-forms λ on L′ are nonvanishing.
However, if the Calabi–Yau manifold (Y, h) is close to some kind of singular
limit, then we may have at least a conjectural description of h, which may be
enough to say something useful about h|L′ . In particular, in some special cases
we may expect L′ to be a disjoint union of T 3’s with h|L′ C0-close to a flat
metric, and then there exist closed, coclosed, nonvanishing 1-forms λ′ on L′
as in §7.1(A),(E), so we could apply Theorem 6.4 to resolve M/〈ι〉, giving a
compact 7-manifold N with torsion-free G2-structures (ϕ
N
t , g
N
t ).
The famous ‘SYZ Conjecture’ aims to explain Mirror Symmetry of Calabi–
Yau 3-folds Y, Yˇ . The original formulation by Strominger, Yau and Zaslow [36]
concerned dual special Lagrangian fibrations π : Y → B, πˇ : Yˇ → B, with
generic fibre T 3. Later Kontsevich and Soibelman [26, §3], Morrison [33], and
others extended the conjecture to describe how the Calabi–Yau metrics h, hˇ on
Y, Yˇ degenerate as one approaches the ‘large complex structure limit’. Here is a
partial statement of this conjectural picture, focussing on one side of the mirror:
Conjecture 7.5 (Strominger–Yau–Zaslow [36], Kontsevich–Soibelman [26], and
Morrison [33]). Suppose (Y, J,Ω, h) is a Calabi–Yau 3-fold which is close to
the ‘large complex structure limit’. Then there should exist a compact real 3-
manifold B and a continuous map π : Y → B, called the ‘SYZ fibration’.
There is a closed subset ∆ ⊂ B called the ‘discriminant’, a trivalent graph
in B. Outside a small open neighbourhood of π−1(∆) in Y, the map π : Y → B
is smooth, with fibres Yb = π
−1(b) for b ∈ B \∆ special Lagrangian tori T 3 in Y,
with approximately flat metrics h|Yb , of diameters diam(Yb)≪ diam(Y ). Close
to π−1(∆), the map π need not be smooth, and the Yb may be singular.
The analogue for K3 surfaces was proved by Gross and Wilson [16].
We are particularly interested in the claim that the nonsingular SYZ fibres
Yb are tori T
3 with metrics h|Yb close to flat. Suppose that in the situation of
Conjecture 7.5, we can find an antiholomorphic involution τ : Y → Y which
preserves the SYZ fibration π : Y → B, in the sense that there is an involution
σ : B → B with π ◦ τ = σ ◦ π. Suppose too that σ has only finitely many fixed
points b1, . . . , bk in B, all of which lie in B \∆, and the fixed locus L′ of τ is
the disjoint union of fibres Yb1 ∐ · · · ∐ Ybk .
If all this holds, and Conjecture 7.5 is true, and h is sufficiently close to the
‘large complex structure limit’, then L′ would be k copies of T 3 with metric h|L′
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close to flat, so we could apply Theorem 6.4 as in §7.1(A),(E). But this is not
rigorous, as Conjecture 7.5 is not yet proved.
Here is an example in which we expect this picture to hold:
Example 7.6. Let Yǫ be a hypersurface in CP
1×CP1×CP1×CP1 of the form
Yǫ =
{
([w0, w1], [x0, x1], [y0, y1], [z0, z1]) ∈ (CP1)4 :
(w0x0y0z0)
2 + (w1x1y1z1)
2 + ǫP (w0, w1, x0, x1, y0, y1, z0, z1) = 0
}
,
where ǫ > 0 is small, and P (w0, w1, x0, x1, y0, y1, z0, z1) is a complex polyno-
mial which is polyhomogeneous of degree (2, 2, 2, 2) in (w0, w1), (x0, x1), (y0, y1),
(z0, z1), and satisfies the complex conjugate equation
P (w¯1, w¯0, x¯1, x¯0, y¯1, y¯0, z¯1, z¯0) = P (w0, w1, x0, x1, y0, y1, z0, z1) (7.2)
for all w0, . . . , z1. If P is generic under these conditions then Yǫ is nonsingular for
all small ǫ > 0, and is a Calabi–Yau 3-fold, which approaches the ‘large complex
structure limit’ as ǫ→ 0. Define an antiholomorphic involution τǫ : Yǫ → Yǫ by
τǫ : ([w0, w1], [x0, x1], [y0, y1], [z0, z1]) 7−→ ([w¯1, w¯0], [x¯1, x¯0], [y¯1, y¯0], [z¯1, z¯0]).
This is well defined by (7.2). The fixed locus L′ǫ of τǫ in Yǫ may be written
L′ǫ =
{
([1, eiθ1 ], [1, eiθ2 ], [1, eiθ3 ], [1, eiθ4]) : θ1, . . . , θ4 ∈ R/2πZ,
1 + e2i(θ1+θ2+θ3+θ4) + ǫP (1, eiθ1, 1, eiθ2 , 1, eiθ3 , 1, eiθ4) = 0
}
.
When ǫ is small, the second line approximates 1 + e2i(θ1+θ2+θ3+θ4) = 0, so that
ei(θ1+θ2+θ3+θ4) = i = eiπ/2 or ei(θ1+θ2+θ3+θ4) = −i = e−iπ/2. Hence we have
L′ǫ ≈
{
([1, eiθ1 ], . . . , [1, eiθ4 ]) : θ1, . . . , θ4 ∈ R/2πZ, θ1 + · · ·+ θ4 = π2
}
∐ {([1, eiθ1 ], . . . , [1, eiθ4 ]) : θ1, . . . , θ4 ∈ R/2πZ, θ1 + · · ·+ θ4 = −π2},
which is the disjoint union of two copies of T 3.
The authors expect that Yǫ has an SYZ fibration πǫ : Yǫ → S3 for small ǫ > 0,
as in Conjecture 7.5, and that τǫ is compatible with the involution σ : S3 → S3,
σ : (x1, x2, x3, x4) 7→ (x1,−x2,−x3,−x4) fixing two points (±1, 0, 0, 0) in S3\∆,
and the two T 3’s are the fibres of πǫ over (±1, 0, 0, 0).
Set M = S1 × Yǫ for small ǫ > 0, with torsion-free G2-structure (ϕ, g) as in
§2.5. Define an involution ι :M →M by ι(x, y) = (−x, τǫ(y)). Then ι preserves
(ϕ, g), and has fixed locus {0, 12}×L′ǫ, which is four copies of T 3. We can show
that Y has Betti numbers b0(Y ) = 1, b1(Y ) = 0, b2(Y ) = 4, b3(Y ) = 138, so that
M has Betti numbers b0(M) = 1, b1(M) = 1, b2(M) = 4, and b3(M) = 142. We
can compute the action of ι on H∗(M ;R), and so show that M/〈ι〉 has Betti
numbers b0(M/〈ι〉) = 1, b1(M/〈ι〉) = 0, b2(M/〈ι〉) = 0, and b3(M/〈ι〉) = 73.
Thus Proposition 6.1 shows that the resolution N of M/〈ι〉 has Betti numbers
b0(N) = 1, b1(N) = 0, b2(N) = 2, and b3(N) = 79. Kovalev and Lee [28, Table
1] construct a compact 7-manifold with holonomy G2 and b
2 = 2, b3 = 79. N
If Conjecture 7.5 could be proved, it is likely that this construction would
yield many examples of compact 7-manifolds with holonomy G2.
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8 Directions for future study
There are now several natural directions of study to pursue following our main
theorem. Some of these are:
(i) One could try to further generalize the theorem to the case of singularities
of the form R3 × (C2/Γ) for other discrete subgroups Γ of Sp(1), not just
Z2. It is possible that most of the analysis can be adapted to this setting.
There are ALE hyperKa¨hler 4-manifolds that are asymptotic at infinity to
C
2/Γ for many discrete groups Γ. See [20, 29] for details. The difficulty
in applying such a generalization of our main theorem would be in finding
initial G2-orbifolds with the correct types of singularities.
(ii) It is likely that a version of our main theorem can be proved in the setting
of Spin(7)-manifolds. This is currently being investigated by a student of
the second author.
(iii) The notion of a G2-instanton was introduced by Donaldson–Thomas [11]
and elaborated on in [12]. These are special connections on vector bun-
dles over G2-manifolds, which are analogues of ASD connections on 4-
manifolds. A natural problem is to prove existence of such connections on
the G2-manifolds produced by our theorem, using a gluing construction.
Precisely this problem was considered in the context of the first author’s
original construction of compact G2-manifolds by Walpuski [38].
(iv) New topological and analytic invariants of G2-structures have been intro-
duced by Crowley–Nordstro¨m [8] and Crowley–Goette–Nordstro¨m [9]. In
particular these invariants can sometimes be used to distinguish distinct
G2-structures on the same underlying manifold. It would be interesting to
compute these invariants for the G2-manifolds produced by our theorem.
(v) The setup for the analysis used to prove our theorem seems to be related
to some recent work of Donaldson [13]. This relation deserves closer study.
It is possible that such a further study could improve or replace part of
the work we did in §3,4,5 of the present paper.
(vi) When the closed, coclosed 1-form λ on L is not nonvanishing, our con-
struction fails. Generically, λ should have finitely many isolated zeroes.
We cannot resolve the space at these points. In this case there is some
evidence that we are instead almost producing objects that have isolated
conical singularities. This is because one can show that topologically, near
an isolated zero of λ our resolved manifold looks like a cone over CP3.
There is a G2-cone over CP
3, due to Bryant and Salamon [4].
If we could further modify the closed forms ϕNt , ψ
N
t near the zeroes of λ
to interpolate toward the Bryant–Salamon cone, then one could hope to
produce the first known compact examples of conically singular (CS) G2-
manifolds. This is currently being investigated by the second author and
Jason Lotay. They have proved an analogue of Theorem 2.7 in the category
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of CS manifolds, using weighted Sobolev spaces. However, constructing the
appropriate closed 3- and 4-forms is likely to be quite difficult.
The analysis of G2-conifolds has been studied by the second author and
Lotay [23,25]. In particular, if they succeed in producing CS G2-manifolds
by generalizing the main theorem of the present paper, then these CS
G2-manifolds could then be further resolved to produce compact smooth
G2-manifolds using the main result of [23].
A Appendix: Two calculations needed in §3.4
In this appendix we present the details of two calculations that were needed in
§3.4, for the proofs of Lemma 3.5 and 3.7. They are actually general results
about the linear algebra of a 4-dimensional real vector space V equipped with
the standard hyperKa¨hler package. In the lemmas this space V is the fibre of ν
at some x ∈ L. Let V be an oriented 4-dimensional real vector space, equipped
with metric g, a volume form vol, three orthogonal complex structures J1, J2, J3
satisfying the quaternionic relations, and a triple ω1, ω2, ω3 of 2-forms satisfying
g(u, v) = ωk(Jku, v). We will also need the relation (2.12) that
γ ∧ ωk = ∗(Jkγ) for any 1-form γ. (A.1)
Let f1, f2, f3, f4 be an oriented orthonormal basis for V ∗ and let e1, e2, e3 denote
the standard basis of R3.
Proposition A.1. Consider the linear maps
A : V ∗ ⊗ Λ3V ∗ −→ Λ4V ∗, A(γ ⊗ η) = γ ∧ η,
and
B : S2V ∗ ⊗ R3 −→ V ∗ ⊗ Λ3V ∗,
B : hkpqf
pf q ⊗ ek 7−→ hkpq[fp ⊗ (f q ∧ ωk) + f q ⊗ (fp ∧ ωk)].
The map B surjects onto the kernel of A.
Proof. Note that V ∗ ∼= Λ3V ∗ via the isomorphism γ 7→ ∗γ. Thus we have
A : V ∗ ⊗ Λ3V ∗ → Λ4V ∗ with A(spmfp ⊗ ∗fm) = spmfp ∧ ∗fm = spmgpm vol,
so spmf
p ⊗ ∗fm ∈ KerA if and only if spmgpm = 0. Using (A.1), we compute
B(hkpqf
pf q ⊗ ek) = hkpq[fp ⊗ (f q ∧ ωk) + f q ⊗ (fp ∧ ωk)]
= hkpq[f
p ⊗ ∗(Jkf q) + f q ⊗ ∗(Jkfp)] = 2hkpqfp ⊗ ∗(Jkf q).
(A.2)
Thus A[B(hkpqf
pf q ⊗ ek)] = 2hkpqg(fp, Jkf q) vol = 2hkpqωk(fp, f q) vol = 0, since
ωk is skew and h
k
pq is symmetric in p, q. So the image of B always lies in the
kernel of A.
In terms of the basis f1, . . . , f4, the kernel of A is spanned by two types of
elements of V ∗ ⊗ Λ3V ∗: those of the form fp0 ⊗ ∗f q0 for p0 6= q0 and those of
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the form fp0 ⊗∗fp0 − f q0 ⊗∗f q0 for p0 6= q0. We can see from (2.11) that there
exists a unique k0 ∈ {1, 2, 3} such that Jk0f q0 = ±fp0 . In the first case, set
hk0p0p0 = ± 12 , and all other hkpq = 0. It follows from (A.2) that for this choice,
B(hkpqf
pf q ⊗ ek) = fp0 ⊗∗f q0 . In the second case, set hk0p0q0 = hk0q0p0 = ± 12 , and
all other hkpq = 0. Noting that Jk0f
p0 = ∓f q0 , it is each to check that for this
choice, equation (A.2) gives B(hkpqf
pf q ⊗ ek) = fp0 ⊗ ∗fp0 − f q0 ⊗ ∗f q0 . Thus
B indeed surjects onto the kernel of A.
Remark A.2. Proposition A.1 is used in the proof of Lemma 3.5, where B(α¯) =
−α¯ · ¯˙ϕ22,1 and ¯˙ϕ22,1 = −(ω1 ⊗ e1 + ω2 ⊗ e2 + ω3 ⊗ e3). N
Proposition A.3. Consider the linear map
C : V ⊗ V ∗ ⊗ R3 −→ V ∗ ⊗ V ∗ ⊗ Λ2R3,
C : spkq fp ⊗ f q ⊗ ek 7−→
3∑
j=1
spkq (fp · ωj)⊗ f q ⊗ (ek ∧ ej).
The map C is an isomorphism.
Proof. The middle factor of V ∗ is just coming along for the ride, so we need to
check that the map V ⊗ R3 → V ∗ ⊗ Λ2R3 which on decomposable elements is
given by fp⊗ek 7→
∑3
j=1(fp ·ωj)⊗ (ej ∧ek) is an isomorphism. The dimensions
agree, so we need only show the kernel is trivial. Let
∑3
k=1 s
p
kfp ⊗ ek ∈ V ⊗R3
be in the kernel. Then
∑3
j,k=1 s
p
k(fp · ωj) ⊗ (ej ∧ ek) = 0. It is easy to check
that in an orthonormal frame we have fp · ωj = −Jjfp = −(Jj)pqf q, so we have
0=
4∑
p,q=1
3∑
j,k=1
spk(Jj)
p
qf
q⊗(ej∧ek)=
4∑
p,q=1
∑
j<k
(spk(Jj)
p
q−spj (Jk)pq)f q⊗(ej∧ek).
We deduce that for any fixed pair j 6= k, we have
0 =
4∑
p=1
(spk(Jj)
p
q − spj (Jk)pq).
Let i be the remaining index in {1, 2, 3} and without loss of generality order
them so that i, j, k is a cyclic permutation of 1, 2, 3. Multiplying the above
equation by (Ji)
q
m and summing over q, we find
0 =
4∑
p=1
(spk(Ji)
q
m(Jj)
p
q − spj (Ji)qm(Jk)pq)
=
4∑
p=1
(spk(JiJj)
p
m − spj (JiJk)pm) =
4∑
p=1
(spk(Jk)
p
m + s
p
j (Jj)
p
m).
(A.3)
For i ∈ {1, 2, 3} and m ∈ {1, 2, 3, 4}, define tim =
∑4
p=1 s
p
i (Ji)
p
m. In (A.3) we
deduced that tjm + tkm = 0 if j 6= k. Thus t1m = −t2m = t3m = −t1m, so
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t1m = 0 and similarly tim = 0 for all i,m. Now multiply tim = 0 by (Ji)
m
q and
sum over m. From (Ji)
2 = −I, we find
0 = (Ji)
m
q tim =
4∑
p=1
spi (Ji)
m
q (Ji)
p
m = −
4∑
p=1
spi δ
p
q = −sqi .
Thus the kernel is indeed trivial and C is an isomorphism.
Remark A.4. Proposition A.3 is used in the proof of Lemma 3.7, where C(Γ) =
−Γ · ¯˙ϕ22,1 and ¯˙ϕ22,1 = −(ω1 ⊗ e1 + ω2 ⊗ e2 + ω3 ⊗ e3). N
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